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INTRODUCTION

This handbook explores radio in general and cryatiib from
the standpoint of RF Resonance. | again begirgshimith a
brief walk down memory lane with an introduction tioe
subject of resonance and coupled circuits by Drg-weitten
in 1942. This represents an early, but already-deateloped
notion on the theory and application of resonareeradio
apparatus.

The next few articles explore general theory camoer
resonance with a strong emphasis on the matherhbsisa in
order to help the reader better apply these coadeptheory
own work, especially with respect to setting up edxc
spreadsheets.  Note that while | like the pretgtspfrom
SPICE simulations, | see this as a black box becaushors
almost never present the equations that make thés pl
possible, they are canned inside the program, dad. f | feel
that, if | can plot it myself, | must be understagdit pretty
well.

Then included are general discussion articles sonance and
coupled circuits. Most crystal radios of any préiters to good
performance will be coupled with separate antenmang.
These articles should help explore this aspecbof yadio!

| finally follow with an article on impedance maieh and
resonance as these are closely-related and neeel ttmought
of together when designing, or at least understangiour
radio.



Of general note, the web is a marvelous sourceatd dnd
information. Many long-time crystal set buildeesyd many
others have created dedicated sites to dissenimfarenation
and resources, to share their creations and kngeled am
eternally in your debt. All of the material in $hihandbook is
copyright for which | have not sought permissiofiherefore
this is not presented for publication or copy. isltonly my
personal resource. | encourage anyone finding abjsy to
pursue ON THE WEB the web pages identified within.
include the name of the author and web addressach e
section. | wish to sincerely thank every authcespnted for
their excellent pages and ask forgiveness for nitingdinto
this handbook.

Kevin Smith
2012

www.lessmiths.com/~kjsmith/crystal/crOintro.shtml

NOTES:
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Par. 6) CIRCUIT THEORY 163

as shown in Fig. 24b. Tt will be noted that the use of link coupling has the effect of
reducing the equivalent primary and secondary inductance, and hence of raising the
resonant frequencies. In other respects, the use of link coupling gives the same
behavior as obtainable from ordinary inductive coupling.

6. Coupled Circuits with Resonant Primary and Secondary Tuned to Slightly
Different Frequencies.—When two circuits resonant at slightly different frequencies
are coupled together, the behavior depends upon the coefficient of coupling and the
relative and absolute circuit @'s. When Q, = @, the response curve of secondary
current (or voltage) has a shape of the same type as would be obtained if the two
cireuits were both resonant at the same frequency and coupled with an increased
coofficient of coupling. In other words, the effect of detuning the circuits for the case
of equal @'s is equivalent, as far as shape is concerned, to increasing the effective
coupling. The only difference is that detuning causes the absolute magnitude of the
response curve to be less than when the same shape is obtained without detuning.

(@ 3 2 xv (b) &

s Moderate cetuning

9 8

2 €

s g ol

& @ odetuning

3

& &

H 2

5 % ‘Modlerote

2 3 odetuning

& & ton
Frequency Frequency

Fuo. 25, ‘Curves illustrating the effect produced on the shape of the response curve
by deta primary and secondary circuits when the primary and secondary circuits do
not have identionl @'.

Analysis shows that when @, = Q. the shape with detuning is as though the circuits
were both tuned to the same frequency and coupled by an amountt

Equivalent coupling

corresponding to ‘ =t ﬁ 43)

detuned operation

where k = actual coefficient. of coupling,
4 = difference between resonant frequency of primary and secondary circuits.
fo = frequency midway between primary and secondary resonant frequencies.
In the more general case where the circuit @'s are not the same, the secondary
response curve is no longer symmetrical about the mean frequency, as shown in Fig.
25. In cases where unsymmetrical peaks are obtained, the low-frequency peak will
be depressed when the secondary is tuned to a higher froquency than the primary and
the secondary @ is higher, or when the secondary is tuned to & lower frequency and
the secondary @ is the lower. Otherwise the high frequency peak will be depressed.
Detuning produces much more effect upon the shape of the primary current curve
than upon the secondary response, and if the detuning is at all large the primary
S Harold A, Whoclrand . Kl Jengo, High Fidelty Tacivrs wich Dspanding Selesors,
roc. I.R. ) 1085; o . Aiken,
ebive e amsurmption that &/ nal compared. with uaity.
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circuit, as shown in Fig. 17. In many cases where coupled resonant circuits are
employed, the excitation of the primary circuit is obtained by applying the voliage
in parallel with the primary circuit through a resistance, as shown in Fig. 23a. This
arrangement can be termed parallel excitation, and corresponds to the case when the
coupled circuits are excited from a vacuum tube.

R Equivalent series
fes/sfance Cp

£ C - (w ,,,,,
Fqu/va/em‘ series

ecuit wi W (b) Equivalent series circuit
(a) Circuit with parallel exéitation (assuming R »__p)
Fi. 23.—Actual and equivalent circuits for the case of parallel excitation of two coupled

The parallel excited circuit of Fig. 23a can be reduced by Thévenin’s theorem to
the equivalent arrangement shown in Fig. 23, This is accomplished by considering
that the portion of the circuit to the left of the dotted line is the equivalent generator
circuit supplying the remainder of the cireuit. The principal effect of parallel excita-
tion is to introduce an added resistance in serics with the primary circuit that becomes
greater the lower the series resistance R used in the parallel feed. The equivalent

MM
Meq = \1a
2, mLp- M
® bea =bp= (i,
2

Veq = Lo~ M
eq Lom
(b) Equivalent circuit (assuming zero link losses)

Fia. 24.—Actual and equivalent circuits for link coupling.

series voltage also varies somewhat with frequency, but in a limited range, such as the
region in which the resonance phenomens oceur, can be considered as being sub-
stantially constant.

Link-coupled Circuits.—Two resonant cireuits are often coupled together by a link
circuit, as shown in Fig. 24a. When this arrangement is reduced to an inductively
coupled circuit by the method of Par. 8, the result for negligible losses in the link is
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Fie. 22b.—Universal curves giving ths phase and relative magnitude of the voltage
across the secondary condenser for the case of two coupled cirouits resonant at tho same
frequency and having a Q ratio of

Parallél Feed in the Primary Circuit.—The analysis and discussion given above
have all been for the case where the voltage was applied in series with the primary
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CHAPTER 6
RESONANT CIRCUITS

6.1 Series Resonance. When two bodies, or two eurrents, or two volt-
ages, oscillate at the same frequency they are said to be in resonance.

A series LCR circuit can be built which resonates to a generator
of given frequency. Then the eurrent which flows through the circuit
will have its greatest effective value. This is accomplished by choosing
the inductive and capacitive reactances equal to each other. From
the equations for the reactances, it is easily proven that the resonant
frequency is given by

1
= X 10P
% 21:-VLCX

where f, is in cycles per second, 2z = 6.28, 10° = 1 million, L is the in-
duetance in microhenries (uh), and € is the eapacitance in micro-
microfarads (ppf). This is one of the most important equations in
radio. Note that the resistance of the circuit does not appear in the
equation, At resonance, the only opposition to the flow of the current
is that due to the resistance, i.e., I, = E/R and not I = E/Z.

1 R
E(%f %c 1
L

Fio. 6 A, A series circuit and its resonance curve

The current in the “ tuned ” or resonant. series eirevit is indicated
at the peak of the “ resonance ” curve of Fig. 6 A. Note that if the total
resistance of the circuit is large, the curve is broader and flatter, and
vice versa.
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F16. 22a.—Universal curves giving the phase and relative magnitude of the voltage

across the socondary condonser for tho case of two coupled circuits resonant at the same
frequency and having a Q ratio of unity.

many eycles as do the
resistance and using Iiq.

eaks, this can be readily obtained by neglecting the circuit
(34).
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Pas. 5) CIRCUIT THEORY 159

When Q, = Q,, the value of E./E approximates the maximum possible response
that can be obtained, as given by Eq. (38). On the other hand, when @, # Q., the
peaks always have o height less than the maximum possible response in the secondary.
The ratio of the mean of the responses at the two peaks to the response at. resonance
is plotted in Fig. 21 for a number of Q ratios.
Universal Response Curves.—Equations (33) and (38) can be combined to give

Actual voltage across g
secondary condenser
Maximum possible volt-
age across sccondary (420)
condenser with
optimum coupling

2n
(1 + ?#)’ [(n’ +1) = (mp)? + j(mp) (\/% + \/7)]
1a] coeffi

L coefficient of coupling
critical coeffic

efficient of coupling
cycles off resonance

k
where n = -

»

2) X resonant frequency
ke
S v
()

Universal curves based on Eq. (42a) are given in Figs. 220 and 22b for k, = 0, and
ko = 0.05. These curves, especially when considered in conjunction with Figs. 18, 19,
and 21, provide & complete and aceurate picture of the response that can be expected
when two resonance circuits are tuned to the same frequency and coupled together.

Figure 22 shows that when both primary and secondary cireuits have the same Q,
the response curve separates into double peaks whenever the coefficient of coupling
exceeds the eritical value, and these peaks maintain a substantially constant height
irrespective of their location. On the other hand, when the two circuits have different
@5, then if the coupling exceeds the critical value by only a small amount, the response
curve still has a single peak, but with reduced response at resonance. Double humps
do not occur until the coupling exceeds the eritical value by an amount that depends
upon the ratio Qp/Qu, and the peaks become slightly lower as the coupling increases.

Practical Calculation of Coupled Systems Involving Two Resonant Circuits Tuned
to the Same Frequency.—When it is desired to obtain the response curve of a given
system, the relative shape of the curve of voltage developed across the sccondary
condenser can be determined with an accuracy sufficient for all ordinary purposes by
the use of the universal curves of Fig. 22, i ing between these in
with the Q ratio involved. The absolute magnitude of the curve can then be obtained
by calculating the response at the resonant frequency with the uid of Eq. (35).

An alternative procedure for the case where the curve shows two peaks s to calou-
late the response at resonance by Eq. (35), determine the location and height of the
peaks by Figs. 19 and 21, or Eqs. (40) and (42), and then to note that the response
beyond the peaks falls to the response at resonance when the frequency is 1/2 times
as far from resonance as the coupling peaks. This information is sufficient to define
the shape of the double peaked curve in the vicinity of resonance. If quantitative
information is desired at frequencies differing from resonance by at least twice as
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6.2 Parallel Resonant Circuits. Fig. 6 B shows a parallel circuit and
its impedance curves. The curves are of the same shape as the current
curves of a series cireuit. Note that the impedance across the terminals
of a parallel circuit is 4 maximum at resonance,’ whereas it is a mini-

Fira. 6B. A parallel cireuit and its impedance curve
mum for the series circuit. The current in the LCE circuit itself is often
very large at resonance and can eause considerable heating,
The impedanee of a parallel circuit at resonance is given by
(2 Ly L
7= B2 g0 - X0 -
if all the resistance is in the coil (which is very nearly true in practice).
The meaning of @ is given in Section 6.4. The resonant frequency f»
is given by the same equation as for a series cireuit provided R is small
in comparison with X. This is often true in radio frequency eireuits,
6.3 Selectivity. The sharpness of the resonance eurves is greater when
the resistances are smaller. Sharpness of tuning is also called “ selec-
tivity.” It shows the ability of the circuit to discriminate between
voltages of different frequencies.
6.4 Q of a Circuit. As current surges back and forth in a resonant cir-
cuit, the electrical energy is alternately shifted back and forth between
the magnetic field of the coil and the electric field of the condenser,
losing & certain proportion of the total into the resistance at each
alternation. In order to maintain oscillations, the generator must sup-
ply a small amount of energy each cycle. This is analogous to the
small push we give to a swing; only a little push is nceded at the end
of each swing to keep it going. Electrically, the interest lies in the
comparison between the total energy in the circuit to that which is
dissipated (and must be re-supplied by the generator), This ratio is
called the “ Q” (quality) of the circuit. In practice, nearly all of a
eircuit’s resistance is in the coil. It may then be shown that

4 There are really three different ways of defining resonance in the case of a
parallel cirauit, but, if the resistance is low, the resonant frequency in all three cases
it practically identieal.

°
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sz"rfoé
R R

Practical radio frequency coils have @’s from 50 to 200 and occasion-
ally 500. Audio frequency coils range from 1 to 10 and occasionally are
as low as 1/2, The higher the @, the better.

The rate at which current dies down in a resonant circuit, after

the source has heen disconnected, is called the damping of the cireuit,
whose measure is called “ the decrement” 8. @ == =/8. A high @
circuit is lightly damped, has a small decrement, a sharp resonance peak,
and a high selectivity.
6.5 The L to C Ratio. In order that a circuit shall resonate to a given
frequency fr, the product LC must have a definite value given by LC —
1/(2=f,)% This does not. tell us, however, whether the product shall be
made up of a large L and a small (' or vice versa. Within limits, an
increase in the number of turns of

wire in a coil increases its reactance
faster than its resistance. Hence, 4
for circuits alone, or for those con- T
nected to high load resi such

as a vacuum tube, the coils should Fio. 8C. If R is small, the LC cirenit
be made with a relatively large in- will be heavily londed and will have a
ductance, i, the L/C ratio should [y & Meking the ratio LG sl
be large.

" When the load on a resonant cireuit (R in Fig. 6 C) is small, say
only a few thousand ohms, as in transmitters and induction heaters, a
majority of the energy loss takes place in the load. The coil's resistance
plays only a negligible role. In this case, it can be shown that £ should
be comparatively small and € large if @ is to be satisfactorily high.

6.6 Resonant Voltages. At resonance, the voltage across the inductance
is numerically equal to that across the condenser, although they are
always of opposite polarity. This voltage, at resonance, is equal to @
times the voltage in series with the circuit. The condenser must be
built with an insulator which will not be punctured by this voltage.
6.7 Crystal Resonators. A properly cut and ground piece of quarts,
located between two metal plates and placed in series with a high
{requency generator, has a natural vibrational period dependent largely
upon its thickness. It is equivalent to a serics resonant oircuit of very

high Q.
4
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Furthermore, in the very common case when the coefficient of coupling is small, Eq.
(41a) becomes

Frequeney at peak of secondary voltage
Resonant frequency of tuned cirouits -

k
=ltz (1b)

In practical work, one is commonly

interested in the frequency band over

which the response in the secondary cir-

cuit equals or exceeds the response at

resonance. This band is illustrated

fo schematically in Fig. 20, and can be

Frequency shown to be equal to /2 times the width

. 20.—Relationship between band of the frequency band between coupling

width, and width between secondary peaks peaks,!

existing when two circuits resonant at the

same frequency are coupled together.

The height of the peaks of response
he secondary circuit can be obtained
by substituting the value of v, from Eq. (40) into Eq. (33). This gives

Value of 3¢ at peaks

oL \/; Vf; _ @
T ING NG - (VE N T

It will be noted that the lower frequency peak is

H

the highest peak. However, since

t :

imanad
ERRa:
I

R

i "
i 2%

£

Peak height (average)
Response at resonance)

f

Fio. 21.—Universal curves giving the ratio of actual peak height to the responso at
resonance as a function of the cocfficient of coupling for two coupled circuits resonant at
the same frequency.

7y differs only slightly from unity in ordinary cases, it is customary to consider that
the peaks are identical.
1 Bee Aiken, loe. cit,
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Par. 5 CIRCUIT THEORY 157

is given in Fig. 30 for various conditions, in terms of a parameter g given by the lower
part of Fig. 19,

T

T T
W \H
Tt

s
5

2
=
e

Resonant frequency
S

o Qo 002 Q03 Qo4
K = Coefficient of

F1a. 19.—Curves from which the separation between peaks can be determined for the case
of two coupled circuits resonant at the same frequency.
When the circuit Q's are not too unequal, and the coefficient of coupling greatly
exceeds the critical value, Eq. (40) reduces to
Frequency at peak of secondary voltage _ 1
Resonan( frequency of tuned cireuils /i 4 &

(41a)
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CHAPTER 7
COUPLED CIRCUITS
7.1 Introduction. Tt is sometimes desirable to transfer electrical en-
ergy from one cireuit to a neighboring cireuit. This can be accom-
plished, as in Fig. 7 A, by means of a transformer, wherein the source

of energy is in the primary circuit and the load is in the secondary
cireuit. There are other coupling methods which employ a link circuit

Resistance Coupled Capacitance Coupled

——Primary—x—Secondary—

_.rnmmﬂ.—s-nmny-
% % % - -

Inductance cwvmx nced Capacitenca

—Primas IEDMIW
Transtormer Coupled Link Coupled

Fio. 7 A. Typical coupling methods

Petween the primary and the secondary. In still other types of cou-
pling, the primary and the secondary cireuits are actually connected
together, using & coil or a condenser or a resistance, as the clement
common to hoth primary and secondary eircuits,

The transformer, as shown in Fig, 7 A, differs in its action from
the iron core transformer discussed in the chapter on a.c. circuits, in
that only a few of the lines of force of the primary cut the wires of
the secondary coil. The simple voltage step-up and impedance ratios
applicable to the iron core ease no longer hold true. The extent to
which the lines of force of the primary cut the sccondary is measur-

3%
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37 COUPLING 71

able, and is called the mutual inductance. Tts symbol is M and its
unit is the henry. When the secondary coil is placed close to the pri-
mary and on the same axis, the coupling will be great and M will be
large. If the secondary coil is rotated, or is moved farther away from
the primary, the voltages set up in it will be smaller, the coupling will
be less, and M will represent a smaller number,

The coefficient, of coupling is dofined by the equation,

k= M/

where the L’s are the self-inductances of the primary and secondary
cireuits. If all of the lines of force from the primary were to cut the
secondary, & would be equal to unity; the coefficient would be 100 per
cent. This is the  tightest  possible coupling.

Cinse coupling

Grltical couling

Secondary current

Loose coupling

Frequency —>

Fio, 7B, Transformer coupling. The primary and secondary circuils were inde-
pendently tuned to the sume frequency (f)

When the circuits are tuned to the same frequency and are so
related that but little energy is transferred from the primary to the
secondary, they are said to be loose coupled. As the coupling is in-
creased, the secondary increasingly “loads™ the primary; and also,
the primary increasingly loads the secondary. This loading action
broadens the resonance curves of both circuits. At eritical coupling,
maximum energy is transferred and the resonance curve has quite a
broad peak, as in Fig, 7 B. If the circuits are still eloser coupled, the
energy transferred from one circuit to the other decreases, and the
resonance curve will have two peaks, one on either side of the single

6
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This coupling k: is often termed the critical coupling. The corresponding mutual

inductance is
wM = VE,R, @7)

With the mutual inductance for critical coupling, the resistance coupled into the

primary cireuit at resonance by the presence of the secondary equals the primary

resistance. This gives the maximum possible secondary current. The resulting
maximum possible voltage across the secondary condenser is

N | \/IT X

Maximum possible 7 = - V7 = Y55 V7

where k, is the critical coupling as given by Eq. (36). The voltage developed across

the condenser at resonance with other couplings is less than value given by Eq. (38)

by an amount depending upon the ratio of actual to critical coupling, as shown in

Fig. 18.

Conditions for Egistence of Double Peak

7T —Height, Location, and Width of Peaks.—

The curve of response in the secondary

circuit exhibits double peaks whenever the

38)

H

5 a8

4 coefficient of coupling is sufficient to cause
s ] | the right-hand side of Eq. (33) to show two
5® | maxima. This occurs when!

=

3wl ~ Actusl coefficient of coupling

5 o Critical cocfficient of coupling >

| HE+2)T 6o
fa :\ate

Tt will be noted that when Q, = Q,, double
1020 30 a0 5o DPeaks occur whenever the coupling exceeds
Achual cougling__ the critical value, but if the Q’s are differ-
Crificalcoupling V3% ent, double pesks do not occur until the

Fio. 18.—Relative output voltage coupling exceeds the critical value by an
obtained at resonance as a function of amount determined by the Q ratio.
coefficient of coupli of two ‘When double humps occur, the location
circuits tuned to the'same frequency and of the peaks in relation to the resonant
coupled together.

frequency depends upon the actual cou-
pling, the critical coupling, and the Q ratio. Analysis based upon Eq. (33) shows
that to an accuracy sufficient for all ordinary purposes the location of the peaks is
given by?

Frequency at pesk of secondary voltage}

Resonant frequency of tuned cirouits | 7

TNOL

(40)

@I
where k. is the eritical coefficient of coupling as given by Iq. (36) and the remaining

notation is the same as above. The ratio represented by the spacing between
coupling peaks to the resonant frequency, as a function of the coefficient of coupling,

the 1 multiplyi minator of Eq, (33) is cor
its iy 50 small as 10 be of negligible consequence, but results
) of tae equation

(40) involves
negligitie and the s

enormous

mation es does Eq. (39), but again the error introduced i
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Par. 5] CIRCUIT THEORY 155

The curve of secondary current is then somewhat broader in the immediate vicinity
of the resonant frequency than the resonance curve of the secondary circuit, and the
primary curve shows double peaks. With still greater coupling, the double humps
in the primary current curve become more prominent, and the peaks spread farther
apart. At the same time the secondary current curve begins to show double bumps,
with the peaks becoming progressively more pronounced and farther apart as the
coefficient of coupling is increased.:
Basic Bquations.—In practical work, the most important property of the coupled
system under consideration is the ratio of voltage developed across the condenser in
the secondary circuit to the voltage applied in series with the primary circuit. A use-
ful expression for this important ratio is obtained by rearranging Eqs. (22) and (23) to
give the relation?

Voltage across secondary condenser _ E,
Voltage applied in series with primary E

[z C-
where @ = 2 times frequenc

wo = 2r times resonant frequency.
w _ _actual frequency
¥ = & ~ resonant frequency”
E = voltage applied in series with primary.
wLy/R, for primary circuit.
wLy/R, for secondary cireuit.

Ic = M/+/L,L, = coefficient of coupling.

L, = total inductance of primary circui

L, = total inductance of secondary circuit.
“This equation involves no approximations, other than assuming that the circuits are
resonant at the same frequency.

In the special case where the circuit losses are zero, or where the frequency differs

sufficiently from the resonance frequency to allow the losses to be neglected, Eq. (33)

takes the form
l
V(]

Effect of Coupling on Response at. Resonance—Critical Coupling.—The response at
resonance is obtained by substituting v = 1 in Eq. (33), which gives
k @3

e ot re co = — ( k.
b resonance [k'+ ﬁ ]

This expression is maximum when the coefficient of coupling has the value

G

-1

2 for sero losses = 31

(36)

1 When th

freuit Q's aro not oqual, double hum, ot appear in the curve of socondary current
link "is somewhat reater than the critical valuo.  This is flustrated in the universal

Terman, op. cit., p. 81.

7.2 COUPLED CIRCUITS 8

frequency to which the circuits were originally tuned, The closer the
coupling, the greater the frequency separation of these peaks.

If the two circuits are not exactly tuned to the same frequency,
their effect upon each other is not only to increase the effective resist-
anee (the @ of the eircuit decreases) but also to reduce the seli-induet-
ance, Hence the peak of the resonance eurve shifts to a different fre-
quency.

7.2 The Effect of ¢/ Neighboring Bodies.” The sccondary cireuit need
not necessarily consist of a coil, condenser, and resistance, as in the
cases we have just discussed, but can consist of any metallic, and even
a dielectric body, in the neighbothood of the circuit containing the
alternating current. A piece of metal placed inside a coil will have
small eddy currents induced in it. These currents, in turn, react upon
the primary circuit to increase its resistance, i.e,, lower its @, and de-
crease its inductance and hence increase its resonant frequency. Be-
cause of the increased resistance, the generator must supply an addi-
tional amount of power (current squared, times resistance). Thus, if we
use the symbol R,? for the effective resistance of a eircuit (its actual re-
sistance plus that which is “ reflected 7 from the load), we may write

IR = iR+ IfRy
Ll
Total Heat  Prim. Heat  Sec. Heat

where the term on the left side represents the total power which the
source must supply. The first, term on the right-hand side of the equa-
tion represents the heat developed in the primary cireuit, and the sec-
ond term represents the heat developed in the secondary, or load — be it
a cireuit or & metallic body or an insulator. Now, this state of affairs
may be good or it may be bad. For example, it is “ good " when the
circuit is used as an induction heater, which consists of a radio fre-
quency generator with a tuned cireuit, the coil of which eonsists of a
few turns of heavy eopper wire. The eoil is placed around a body which
is 1o be heated; such, for example, as the metal electrodes sealed inside
& vaeuum tube during its process of manufacture, or of a human body
in which it is desired to develop an “ artificial fever.” The eddy cur-
rents set up in the conductive parts of the body inside the eoil cause
the body to heat up and, in some cases, to an extent such as to melt it
completely.

1f an insulator is placed inside the coil, the high frequency electro-
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statie fields cause the electrical charges in its atoms and molecules to
oascillate back and forth about their normal positions. This requires
energy which ean only come from the primary cirenit. This eauses
the dielectric to heat up, and is spoken of as dielectric loss. That en-
ergy should be absorbed from a circuit by a neighboring dielectrie is,
in general, undesirable. The resistance of the primary circuit is ef-
fectively increased by these losses,

We may generalize the concept of resistance by defining it in the
following manner:

Watts Lost

Current Squared’
where the “ watts Jost ” include the heat losses in the cireuit itself and
in neighboring bodies (as ohmic, eddy current, or dielectric heating) ;
in general, lost in any form whatsoever from the source of power
7.3 Shielding. A metal shield can be used to prevent coupling between
two circuits. Capacitive or electrostatic coupling can be prevented by
shielding either the primary or secondary, or both, eircuits with an en-
elosing metal container. The shield should be grounded and be made
of material of low resistance. Also, metal shiclds ean be used at radio
frequencies to prevent magnetic coupling, Here, the eddy currents in
the shield have magnetie fields which oppose the original field and
more or less completely keep it out of the inside of the shield. The
shielding effect is greater at the higher frequencies, is greater for more
conductive materials, and also depends upon the thickness of the shield-
ing material. At low frequencies, the eddy currents are so feeble that
this method is not satisfactory. The best that can be done in this
case is to surround the cireuit with a complete shield of soft iron. This
will partially divert the magnetic fields.

A shield changes the resonant frequency and the @ of the eircuit
being shielded. In shielding a coil, the spacing between the sides of
the coil and the shield should be equal to at least half the diameter of
the coil, and the distance of the shield from the end of the coil should
be not less than the diameter of the coil. Copper and aluminum are
satisfactory metals for shields.

7.4 Introduction to Filters. Vatious combinations of coils and con-
densers are used:
1. To separate currents of different frequencies from each other.
2. As & coupling unit between two circuits whose impedances are
00t cqual to each other.

Generalized Resist.
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5. Two Resonant Circuits Tuned to the Same Frequency and Coupled Together.!
When two circuits resonant at the same frequency are coupled together, the resulting
behavior depends very largely upon the coupling, as shown in Fig. 17. When the
coefficient of coupling is small, the curve of primary current as a function of frequency
approximates closely the series resonance curve of the primary cireuit considered alone.
The secondary current at the same time is small and varies with frequency according
to a curve having a shape approximating the product of the resonance curves of

~K=0005

cal couplng

Primary Current

k=001
.~ k<0015

Secondary Current

Frequency

Fig. 17.—Curves showing variation of primary and secondary current with frequency

fer d:ﬁnmnc coefficients of coupling when the primary and secondary are separately tuned
to the same frequency.

primary and secondary circuits taken alone. As the coupling is increased, the curve
of primary current becomes broader and the peak value of primary current is reduced.
At the same time, the secondary current becomes larger and the sharpness of the
secondary current curve is reduced. These trends continue until the coupling is
such that the resistance that the secondary circuit couples into the primary at resonance
is equal to the primary resistance. This coupling is called the critical coupling, and
causes the secondary current to have the maximum possible value that it can attain.

oA yory complete discusion of ths subject is given by C. B. Aiken Twormesh Tuned Couplet
Cireult. Filters, ok 26, p. 230, Februry; p. 073, June, 1037, oo o E. 8. Purington,
Sinalo nud Goulodeeivesit Syusein ror T 5 Vol 15, o S T
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When wL, is not negligible compared with the primary resistance, the response
curve still has the shape of a resonance curve, but the peak is shifted to a slightly
higher frequency. This shift in location of the peak is due to the fact, expressed by
Eq. (26), that maximum secondary current occurs when secondary is sufficiently

Rp Rs "
g
=
S
3 Lp Ls =Cs 3
K]
(a) Circuit &

Frequency
(b) Curve of Voltage Across Cs
Fia. 15.—Inductively coupled circuit with tuned secondary and untuned primary.

detuned that its coupled reactance neutralizes the reactance of the primary. When
the primary reactance is not negligible, this detuning is apprecisble. The coupling
required for maximum secondary current is also greater as the ratio wLy/Rj is increased.

Analysis of the output of coupled systems with untuned primary and tuned second-
ary can be most conveniently carried out by using the equivalent secondary circuit of
Fig. 12d. Such equivalent circuits are shown in Fig. 16. These show how the asso-

By s
3 L Ls z;) s
Actual circuit
" Leq=2
Ccupli:iMr)ezs/ysR¢:nt:S ke (‘:‘;‘Lm‘ % .

[ Req Leq 529

Rs
2 ) wht Effect of associa- C:
s TES (thi)f e primary T o

Equivalent secondary circuit
When Rp »wlp When wLp not negligible
¥16. 16.—Equivalent secondary circuit for case of inductive coupling with tuned secondary
untuned primary.

ciation of the primary with the resonant secondary has the effect of increasing the
offective secondary resistance and hence of lowering the effective @, and also that an
inductive primary neutralizes some of the secondary inductance and so raises the
resonant frequency.
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3. To shift, the phase between voltage and current.
4. To alter the magnitude of voltage or current.

Figure 7C shows some of the filters with which we are already
familiar, together with their curves of output current at. different input
frequencics, their basic equations, and their names. See also Figs.
5A and 5B. More complicated combinations will serve better in
separating neighboring frequencies and in more completely suppress-
ing others. In other words, there are filters which have a sharper cutoff.

Suulu%ﬁllm—-\-luﬂd
=

KENY

E

Low Pass

sl

c

ST

T-E(277C) HighPass

:
.
P i U =L e
z E
, - £
Fi I P Band Elimination

Fia. 7C. Crude filters. Low-pass types use series inductance (top figure). High-
pass use series eapacitance. Band-pass use series LC' cirevits. Band-elimination
use parallel LC circuits (bottom figure)

Of the host of possible LC' combinations, a few simplified forms
have been developed under the following assumptions and simplifica-
tions:

1. The resistances of all parts of the filter eircuits are to be kept as
low as possible. We shall assume that the resistances are zero.
Buch filters are called “ ideal  or non-dissipative.

There shall be no batteries or other sources of electromotive foree,
nor vacuum tubes with fheir attendant amplifieation, in the filter.
Such filters are said to be passive.

The inductances of all coils which contain iron cores ghall be as-
sumed to be the same for any of the eurrents which flow through
them, Filters constructed with such inductances are said to be
linear.

There shall be no magnetic coupling of the lines of force from
any of the coils to any other coils in the circuits.

L

o

-
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5. The output or load circuit shall consist of pure resistance (no coils
or condensers), whose value shall be the same as that of the gen-
erator or input circuit.
1t is possible to describe the characteristic of filters in terms of

the output eurrent as in Fig. 7 C, or in terms of the ratie of output to
input currents, or the ratio of the output voltage across the load to
the input voltage, or the ratio of the power output to the power input,
or, as is more common and as we shall now do, in terms of the attenua-
tion of the filter. The attenuation is expressed in decibels (Sec. 2.6)
and is proportional to the logarithm of the ratio of the output to the
input eurrents or voltages or powers, It is a measurc of the losses
which take place in the filter at the different frequencies,

L

SARCIRE Nt

Fia. 7D. An L-section, low-pass filter. The lower frequenmes in the range “A”
pass through, while those of higher value are more or less attenuated or lost in
the filter

7.5 Low-Pass Filters. The circuit of Fig. 7D is called an L-type,
low-pass filter. It contains a series induetance and & shunt eapacitance.
From the attenuation (db.) curve in this figure, it ean be seen that
the choking action of the coil, aided by the bypass action of the con-
denser, has materially sharpened the curve over that of a single series
inductance (Fig. 7C), especially in the neighborhood of the eutoff fre-
quency, o In the equations given in Fig. 7D, L is in henries, C is in

T T T
One section T Two section T
L L L
O i ST I
T T T T T
One section ™ Two section =

Fro. 7 E.—T- and a-type, low-pass filters

10
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resistance of the tube. When the secondary is a resonant circuit, the curve of coupled
impedance (wM)?/Z, with variation in frequency has substantially the same shape
and characteristics as the parallel impedance curve of the sccondary, but the absolute
‘magnitude is determined by the mutual inductance.

The important characteristic of this circuit is the curve of voltage developed across
the secondary condenser as a function of frequency under conditions where 2, > > L.
Such a characteristic is shown in Fig. 15b, and has substantially the same shape as a.
resonance curve with the peak at the resonant frequency of the secondary and an
effective Q somewhat lower than the actual Q of the secondary circuit.

Actual c-rcu.o Equivalent primary

(-k®)Lp

L Ls
(a) Untuned reactive secendary with zero losses
Equivalent primary
Actual circuit cieott (approximatd)

(-kALp
Lp klwl.p

Qs

Lwls
Rs

(b) Untuned secondary with small losses
Fi16. 14.—Inductively coupled circuits with untuned secondaries.
On the assumption that K, > > wly, the response at resonance is
Voltage across secondary
o L eM
RoR + @M
With given primary and secondary circuits, the response at resonance is maximum
when the coupled resistance equals the primary resistance, i.c., when
oM = V/R;R. 31)
With greater o less coupling, the response is less.
The relationship between the effective Q of the response curve and the actual Q
of the secondary circuit is, still assuming that R, > >

X Ly (30)

Effective @ of amplification curve _ 1
T Actual @ of tuned circuit 1+ @R,

32)

The effective Q of the response curve approaches the actual Q of the secondary circuit
when the coupling is very small, and is exactly one-half of the actual @ when the
coupling corresponds to the value giving maximum response.
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Inductive Coupling Considered as a Transformer.—Two coils inductively coupled
represent the general case of a transformer, and can be reduced to the cquivalent,
transformer circuit of Fig. 13. Here the primary and secondary inductances are
divided into leakage and closely coupled components. The leakage inductances
correspond to magnetic flux lines that produce no linkages to any secondary circuit,
while the coupled inductances are taken as having unity coefficient of coupling.

In a conventional transformer with iron core, the coefficient of coupling between
primary and secondary is so large that the leakage inductances represent only a very
small fraction of the total eireuit inductances. Under these conditions it is convenient
to analyze the behavior in terms of the turn-ratio, leakage inductance, etc., as is com-
monly done with 60-cycle power transformers. However, in the more general case
where the coefficient of coupling may be M.
small, most of the inductance is leakage, 1
and turn ratio has relatively little signifi-
cance. 1t is then preferable to use the e B,
general method of analysis given above.

4. Analysis of Some Simple Coupled
Circuits.  Untuned Secondary Consisting @ Actual circuit
of a Pure Reactance.—This case corre-
sponds to a coil serving as the primary,
with a metal mass of low resistivity serv-

Leakage inductance

ing as the secondary. In this case, which L (k) Ls
is illustrated in Fig. 14a, onc has
W)

Coupled reactance = — (—fl{i = —kwly klp [

(20)
where k is the coefficient of coupling be- Coupled inductance
tween the coil and the sccondary. The M=kVTpls
presence of the secondary reduces the
inductance as viewed from the coil ter-  Vo/fage stepup ratio = Af=

minals to an equivalent value (1 — k*)Lj. i

1t will be noted that the amount of (b)Same circuit shown as transformer

reduction in is
solely by the coefficient of coupling and
not by the number of primary turns, ctc.
Tt will be also observed that the effect of

Fra. 13—Eq circuit of a trans-
former expressed in torms of primary and
secondary inductances and coefficient of
coupling:

7.6 COUPLED CIRCUITS 12

farads, R is in chms, and f, is in cycles per second. Note that the gen-
erator and the load both have the same resistance.

Referring to Fig. 7 E, we see that several “ T "-sections or “ = -
sections can be connected in series with each other to form two, three,
or more section filters. The cutoff becomes increasingly sharp the
more sections used. Then, of two frequencies near f,, the lower one will
get through and the higher one will not. The same design equations
are used as for the L-section low-pass filter. Note that, in Fig. 7 E,
only one-half the inductance or one-half the capacitance is used in
certain places while the full value is used at others,

R
& o Leay
E i
i C= g d
e f fe

Tia. TF. An L-section, high-puss flter. L is in henries, C is in farads, R s in
ohms and is the sune at the input and output. The cutoff frequeney, Jo, 3 in
cyeles per socond

7.6 High-Pass Filters, Whereas the low-pass filters of the preeeding
section permitted the passage, more or less, of all frequencies below
the cutoff value, and attenuated or suppressed, more or less, all fre-
quencies above this value, high-pass filters do just the rcverse, A
single L-section high-pass filter is shown in Fig. 7 F' and is seen to con-

2c 2 2c c 2c
%L % L % L

One section T Two section T

the secondary decreases rapidly as the coefficient of coupling becomes small.
Untuned Secondary Having Both Resistance and Reactance.~—This corresponds o
the practical case of a coil in a shicld, or near a metal panel or other mass, with the
resistance of the metal secondary taken into account. For such a secondary, the
coupled impedance as given by Eqs. (24) and (25) consists of a resistance and a
negative reactance. The effect of the secondary upon the primary is hence to lower
the equivalent inductance and increase the cquivalent resistance of the primary coil
as viewed from its terminals. <
Under practical conditions, a secondary consisting of a shield or other metal I
object is usually of copper or aluminum, so that the secondary reactance is consider- T
ably greater than the secondary resistance. Under these conditions, the equivalent 2 2L 2 L 2L
One section = Two section
Fla. 7G.—T- and a-type, high-pass filters

primary circuit has the values and form given in Fig. 14b.

Tuned Secondary, Untuned Primary.—This circuit, illustrated in Fig. 15a, i of
importance because it represents the equivalent circuit of the transformer-coupled
tuned radio-frequeney amplifier, with the primary resistance R representing the plate
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iRS T

sist of a series condenser, whose reactance is large for low frequencies
and small for higher frequencies, and a shunt inductance, which readily
Dypasses low frequencies but forces the higher frequencies to eontinue
on out to the load R.

Figure 7 G shows T- and =-type, one- and two-section high-pass fil-
ters which offer greater diserimination to frequencies near the cutoff.
The design equations are the same as for the L-scction.

o0

onte “‘::‘;'
g
R,

Lesection, band.pass.

B

L-section, band-efimination

Fro. 7H. Simple band-pass and band-climination filters

7.7 Band-Pass and Band-Elimination Filters. It is possible to trans-
mit a certain range of frequencies through a band-pass filter, and
more or less completely suppress all lower and all higher irequencies.
A simple filter of this type, together with its attenuation curve, is given
in Fig, 7 H.

Tt is also possible to construct filters which will, mere or less,
transmit afl frequencies except those which 1|e within a certain range.
A simple form of b or 1 filter is also
given in Fig, 7 I, together with its attenuation curve,

‘With multi-section filters of these types, the separation of adja-
eent frequencies can be made much sharper than with the simple L-see~
tion. On the other hand, in practice, the coils are not pure inductances
but have some resistance. Now @ is our measure of the inductive-ness
wversus resistance of a coil, ie, @ — 2-/L/R. In Fig 7H, the dotted
lines show in what manner the attenuation is affected when low- and
high-@Q coils are used. Similar unsharpening effects oceur in practice
with all filters.

12
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circuit leads to the same results as the first form, since the extra voltage that is con-
sidered as acting in the second case is just compensated for by the voltage drop in the
extra impedance considered as existing in the secondary circuit.

The resistance and reactance components of the coupled impedance are

Resistance component, = (24)

Reactance component = —j =20 X, (25)

where R, and X, are, respectively, the resistance and reactance components of the
secondary impedance Z,. The effect that the secondary has on the primary cireuit is
exactly as though the resistance and reactance given by Eqs. (24) and (25) had been
inserted in series with the primary circuit. The energy and reactive volt-amperes
consumed by the primary current flowing through this hypothetical resistance and
reactance represent the energy and reactive volt-amperes that are transferred to the
secondary circuit.

Conditions for Mazimum Secondary Current.—In dealing with coupled circuits,
it is desirable to keep in mind the adjustments giving maximum secondary current.
The behavior in the more important cases is summarized below for the case of two
circuits inductively coupled, with resistance and reactance in cach circuit.

Case1. Maximum Secondary Current with Variation of Secondary Reactance.—
When frequency, mutual inductance, primary impedance, and secondary resistance
are constant, the secondary current is maximum when

(wM)?
where X, and X, = reactance of primary and sccondury circuits, respectively.
Ry and R, = resistance of primary and secondary circuits, respectively.

© = 2r times frequency.

M = mutual inductance.
Case 2. Maximum Secondary Current with Variation of Primary Reactance.—
If the primary rather than secondary reactance is varied, maximum sccondary current,

is obtained when

X, (26)

@n

(wM)*

¥ = merxa ¥
Case 8. Maximum Possible Secondary Current.—The secondary current has its

maximum possible value when the adjustments are such that the resistance and

reactance coupled into the primary circuit by the secondary are equal to the resistance

of the primary circuit and the negative of the primary reactance, respectively; 4.c.,

when

(wM)?
R F XA

(wh)?
TRIFX:?
Tt will be noted that in order to obtain maximum possible secondary current, it is
necessary that two independent variables be adjusted. One of these is commonly
the mutual inductance; the other, the reactance of one or both circuits. Unless the
mutusl inductance satisfies the relation wM 5 /R, R, it is impossible to satisfy the

condition for maximum possible secondary current.

llod discussion, see G. W. Pierce, “Blectric Oscillations and Blectric Waves,
ill, New York, 1020,

R, =R,
(28)
X, = —-X,

1 For & more do
Chap. X1, McGras
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circuit as a Tesult of a voltage applied to that circuit produces magnetic flux that
induces a voltage in the coupled circuit, resulting in induced currents and a transfer
of energy from the first or primary ci ircui

Analysis of Inductively Coupled Circuits.—The behavior of inductively coupled
circuits can be determined by making use of the following principles:* First, as far
as the primary circuit is concerned, the effeet of the presence of the coupled secondary
circuit is exactly as though an impedance (w})?/Z. had been added in series with the
primary, where

M = mutual inductance.
w = 2.
Z, = series impedance of secondary cireuit when considered by itself.
Second, the voltage induced in the secondary cireuit by a primary eurrent of I, has a

E
(a) Inductively coupled circuit (b) Equivalent primary circuit
Ls
Eg=-jwMIp 9
L
(e) ) () form of equivalent
dircuit secondary circu

Fra. 12.—Inductively coupled circuit and also equivalent primary and secondary circuits.

magnitude of wM, and lags the current that produces it by 00°. Third, the secondary
current is exactly the same current that would flow if the induced voltage were applied
in series with the sccondary and if the primary were absent.

The preceding analysia shows that the actions taking place in the primary and
secondary circuit are as though one had the equivalent cirouits shown in Figs. 12b
and 12, Here the primary circuit consists of the actual primary impedance Z, in
series with an additional impedance (wM)?/Z, that takes into account the effect the
sccondary produces on the primary current. This extra impedance (wM)3/Z, is
termed the coupled impedance. The equivalent secondary cirouit of Fig. 12¢ consists
of the voltage —jwM I, induced in the sccondary by the primary current, in series
with the secondary impedance Z, as shown.

An alternative form of equivalent secondary circuit is given in Fig. 12d. This is
obtained by applying Thévenin’s theorem and noting that when the secondary is
opencd, the open circuit voltuge that appears i —juM 1y, while when the applicd
voltage is sh d, the cquivalent impedance as viewed from the opened
secondary terminals is Z, + (wM)?/Z,. This second form of the equivalent secondary

! Thso rus for handling coupled cieuitsars divect consequences of tho mesh equutions, which for
this cane can be wri

= 17y + joMI, @)
Tnduced vatiage = fubly = 120 (28)
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1t is well known that a quartz slab cut from its crystal in proper
fashion and mounted between two metal plates acts like a cireuit of
very high Q. Hence, in cirouits where the frequency of the currents is
comparable with the natural vibrational frequeney of the quartz, it is
possible to obtain very sharp cutoff filters of all types.

1 Details are given by W, P, Mason and R. A. Sykes, in The Bell System
Technical Journal, Volume XIX, page 221, April 1940.

13
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Radio Engineers Handbook
F.E. Terman, 1943

Section 3: Circuit Theory
pp 148 - 163

Inductively Coupled Circuits

148 RADIO ENGINEERS HANDBOOK [Sec. 3

8. Inductively Coupled Circuits.—When mutual inductance exists between coils
that are in separate circuits, these circuits are said to be inductively coupled. The
effect of the mutual inductance is to make possible the transfer of energy from one
circuit to the other by transformer action; i.e., the alternating current flowing in one
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In The Beginning... Crystal Radio

By L. Van Warren MS CS, AE - AE5CC

All Rights Reserved
www.wdv.con/.../SoftRadio/BlazingFastSDR/BFSDR-
Chapterl.docx

“Every day sees humanity more victorious in theggle with
space and time.”
— Guglielmo Marconi

Figure 1: Earth Footprints of Celestial Radio $esr

Introduction

There are lots of books, articles and websites ritesg

Software Defined Radio (SDR). My goal, in this éductory
work, is to give you blazing fast access to a wagkset of
concepts you can use to decide when and how SDRbaiil
useful to you. It will start simply and build essahideas step-

15



by-step. This book has two goals. The first is tovjgle a
working overview of SDR. The second is to make e
and software prototyping easier for the uninitiated

This will not be a mathematically intensive devetemt but
rather a plug and “play” approach. Each chaptelrstdirt with
interactive simulation and end with real devicetevices you
can explore and interconnect. The interested resiurrld visit
the references provided in the final chapter toifylahe more
sophisticated ideas. Running each simulation isy essd
highly recommended.

The book is divided roughly in half. In the firshapters,
essential radio hardware issues will be discus$ed. the
foreseeable future SDR has not eclipsed the enatitie. Front-
end RF hardware is still required to gather, samgufel
downconvert the signal. In the latter chapters witransition
to software-based concerns, while keeping an eyeacdware
and instrumentation that will make our lives easiad our
understanding more complete.

To demonstrate hardware concepts, we will be uairsgt of
PostCardKits™. The pattern is this. We will usedation to
understand the theory behind each PostCardKit™ n The
mix and match the postcards to configure differeintds of
radios. Pretty fun and exciting! Later we will mid match
software blocks to accomplish the same objective.
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where Ze is the equivalent primary impedance
Z1 is the source impedance (primary) and
Z2 is the secondary load.

From Reuben Lee, 1947.
http://www.vias.org/eltransformers/lee_electroniansformer
s_07b_22.html

Equivalent primary impedance:
Ze =71+ (XM"2/ Z2)

where Ze is the equivalent primary impedance
Z1 is the primary circuit impedance and

Z2 is the secondary circuit impedance and
XM = jwM

From Bob Weaver: 2016
http://electronbunker.ca/eb/Bandspreading_3.html

Net impedance:
Ze = Zca || (Z1 + (WM)"2 / (Z2 + Zcb))

where Zca Primary circuit Z capacitor = -j/ wCa
Zcb Secondary circuit Z capacitor = -j / wCh

Z1 Primary circuit Z inductor = jwL1

Z2 Secondary circuit Z inductor = j wL2

Bibliography:

AspenCore , 2016
The Parallel RLC Circuit
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i 2 GHz Wideband RF Amplifier 40d8

oat Suppiy 3.3 - 72 Re |
ey

Figure 2: Mix and Match Postcards for Chapter 1

In the second chapter on amplifiers the crystdior@ard is
improved using an audio amplifier PostCardKit™, RBiF
amplifier PostCardKit™, and two kinds of power car@®ne
power card features rechargeable lithium batteties;other
uses solar cells for recharging and direct powenwgreen is
that?! PostCardKits™ are flat, lead-free evaluaticards,
printed on high quality paper with conductive ink.
PostCardKits™ can be stamped and mailed, or mailed
envelopes to maintain pristine appearance. Thediapter is
introduced with a crystal radio set. This card fiows without
any external or battery power. It receives AM rastiations. A
first attemp on a file card pulled in stations froksia and
Central America.

You can hear fainter stations if you add an audipldier

card. You can receive more stations if you add Rfe
amplifier. These additional cards require power. Wilereuse
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the audio, RF amplifier and power cards in lateapthrs in (A+jB) / (C+]D)
novel ways. For example, the audio card is a staraplifier
used for a special kind of station hunting callétabral radio. 1)
(A+jB) (C+D) AC +jAD +jBC + j*2BD
Laterwe will develop radio software on a PC. Toveattie end, ~ -----—- Fomomeees e
we will extend the power of the hardware and safevand (C+D) (C+D) C"2 + D"2
reach for the stars.
Remember that j*2 = -1, so
The first PostCardKit™, Crystal Radio, utilizes erganium

diode for signal detection. It demonstrates the pist 2)
effective combination of discrete components. hsists of an (A+jB) (C+D) AC+jAD +|BC-BD
inductor, a capacitor, a resistor, a germanium elidetector ~~ -----e- A e T
and a piezoelectric crystal earphone. (C+D) (C+D) CA2 + D2
3)
(A+jB) (C+D) AC -BD AD +BC
" _ .

(C+D) (C+D) C™2+D"2 Cr2 + D2
Parallel Combination

Zeq = (21*22) | (Z1+22)

Appendix 2:

Figure 3: Crystal Radio PostCardKit™
9 Y Coupled Impedance Formulae:
Don't let our simple start fool you; We will be miag many

; : ~ : From Ben Gurion University EE Lab 7
these functions into software and Software Defirtatio L .
(SDR) can do sophisticated things. http://www.ee.bgu.ac.il/~intrlab/lab_number_7/TwaBiuct

ively%20coupled%20RLC%20circuits.pdf

Equivalent primary impedance:
Ze=271-7ZM"2]Z2
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Coupled Circuits Solver:
10000
s000 1 —+Es
soc0 || 938 | / Y
AN T e
799 11 2inch spacing ’ \ f' \ Sl
2 son | axPsos2 =2 -
d Q-3 I \ / \ Secondary:
£ so0 R-6MQ [
H I \ \ 12-230uH
& 00 \ Cb=sopF [~
e
3000 } \ =
. / AW
o P:,—,vggqngz‘% 3

700 800 200 000 1100 1200 100 w00 1500
Frequency KHz

Just for fun, | let solver run with k, Ca, E, Cb] Rnd R2.
Adding R1 to solver's program really allowed inail the data
with a close-fit model. The price? Look at the s&sity values
it chose. R1 =-439 ohms and R2 = 719 ohms. Weléast R2
is not negative! These results may be telling meething
important, but as yet | am too dense to underst@mdthey
may be just what they appear, totally bogus.

Appendix 1:

Big Fun with Complex Algebra

Multiplication
(A+jB) * (C+jD) = (AC—-BD) + j(AD + BC)

Division
multiply both top and bottom by the conjugate @& Hottom.
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&+ =
Figure 4: Visualization of Radio Spectrum

The Crystal Radio PostCardKit™

The crystal radio is the simplest of all radiosWrld War I,
Allied GI's used paper clips set against rusty razlades to
form crude diode junction receivers that the Naz¢és could
not detect. These were dubbed “Foxhole receiveZsystal
radios have a long and colorful history documeniad
Wikipedia and various radio collections documented the
web.

Attach the earphone provided to the jack in theeuplpft
corner of the postcard. You probably won't hear thimg
unless you live close to a powerful AM radio staticAn
antenna and a ground will improve your reach carsioly.
Just as a picture in the dark cannot be seen,ia wathout an
antenna cannot be heard. Lighting is half of ahe &ntenna is
half of radio. You can learn more about antennafeénARRL
Antenna Book. It is highly recommended.

Putting Up the Litz
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There is one errand to run before heading backhé¢oeasy
chair. It is essential to route the Litz wire ped around a
wall or ceiling to create an antenna. With antenhégger is
usually better. | use a fold of masking tape to enaktiny
hangar that holds the antenna on the wall. Youstiak a clear
pushpin through the tape to secure the antennge8dsthe
wire from the four corners of the room so it isaml out of the
way. The wire provided is fine, so it is a quitssthetic. When
you are done, tin or sand the ends of the wirehso all the
strands are conducting and install them in the ectaom
provided. Now you have an antenna.

This square wire loop is a versatile omnidirectlcarenna. If
you wrap the antenna more than once around the,rtiwm
inductance will increase and the resonant frequevittydrop
according to:

f o= 1
resonant 2”\/@

Formula: Resonant Frequency

This formula informs us that those stations you aggnto
receive will be lower in the band, and lower ingisency. Start
with one trip around the average sized room. Take yime
getting this antenna right, it will serve you welf.you live on
top of a hill, you will get better reception, buhee radio
waves bounce off the ionosphere, you will usualgarh
something unless you live in a salt mine. Using tiip
provided, attach your antenna to the upper leftdheorner
your PostCardKit™ by the ANT. symbol. That was tied
part. You will also need a good ground. Groundirgy i
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happens at the -3dB point. My simulation suggestssistive
loss of 18 ohms and reproduced the Q = 83. Pretéydsting.
But, before congratulating myself too quickly...

Coupled Circuits SONER
oo Fro1158 Kz |
k=0.086
s000 [ —+—Es Primary; -
eass | N Ri-15 0
6000 - f\ h\ =171 uH
Teflon ca=110 pF
7%% T 2inch spacing N7 Q=83 B
% so00 || axHpsom2 secondary: |
J Q=3 ’ \ /1 \ R-5220
£ so0 =23auH |-
s AVEEEET
& 00 l \ [ QX Q-2 =
3000
4\ N
2000
o~ v L
1000 %
5 :Eﬁ:w ey
700 800 %00 1000 100 120 1300 1400 1500
Freauency Kz

Here | look at the over coupled case. As beforeaml just
unable to reproduce the steep flanks of my measiaeiwith
such a simple coupled circuit model. At a 2 incpasation,
and looking only at the lower peak (recall my rexddag), |

had measured a Q = 35. The model does a fairly jodoof
simulating this circuit. Note that in my simulatjonkept the
known values of inductance for the two coils. Adudiglly |

found that solver gave unacceptable values for Rl so |
pegged it at 15 ohms. | had solver look for k, EaCb, and
R2.
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The first thing to note on the above plot is thia¢ over-
coupled curve is not centered with respect to thesdly
coupled curves. This is a result of my A) not knoegvat the
time about exactly how the resonance curve splits awer
coupling and B) my technique of re-peaking the isefore
each set of measurements. It is obvious that aftering the
ATU to 2 inches separation, on re-peaking the dutbmust
have subtracted capacitance shifting the curve tpvia
frequency until the | got a peak at my desired messent
frequency of 1100 KHz. | should have made my resocea
study earlier!

Voltage vs Frequency

Series Circuit
so00 | 3
|

Teflon
1ainch spacing. |
axHPs082 Il

: ‘

I
= I
fr=1107 itz /

5000 |

£ 3000 ||

2000 1|

Q-s
1000

o—«—mx*"/ o\’“%—g
0 6= = == = = & SENDZENNL SVBO 6 o .

700 500 200 1000 1100 1200 1300 1400 1500
Frequency kiz

Looking now at just the measured data from the riehi
spacing and comparing it to a curve generated mighseries
resonance spreadsheet. The data in green is noywéith, at
this spacing gave me a set loaded Q = 83. | usegl'®xSolver
routine on the central three datapoints to seaochnfodel
parameters L, C and R. The steep flanks of the imedslata
were impossible to reproduce, but at least | cadd what
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discussed in an essential book on radio: The ARRMidR
Amateur’s Handbook.

Figure 5: Ideal Reception

Using the Crystal Radio

Now that the radio has a good antenna, you shoeildhbte to
hear more stations. You can tune the radio withktie in the
center. Remarkably, it needs no power! You mighnhto
keep a logbook of the signals you hear, the timdayf along
with any tweaks you have made to the radio or a@tehow
frequency signals travel better at night than ia thaytime.
Some high frequency signals are the opposite. Wiereve
look when an aircraft is lost? The radio logbook.
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Figure 6 — Keeping a log enables discovery.

After you log a few entries it will be time to ingre the radio.
We will do that with the amplifiers mentioned abotew for
a little about how the crystal radio works.

Basic Parts

Picking up the card and shining the light on it yaill notice it
contains but five parts! The radio contains a djcaleesistor,
an inductor, and two capacitors. Here is the schierfar the
crystal radio including the Tidy TINA meter for Rfower
gain. The meter is used to optimize performance doésn't
appear in the final circuit.
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should give pause to note just how little signat aleals with
in crystal sets. Note that critical coupling is whéehe
secondary current attains its greatest value, ecessarily
where the double hump disappears. Kc = 1/sqrt(Qp*Qs

A copy of the coupled circuit spreadsheet can hmadohere:
Coupled_kjs.xlsx

What else can one do with these spreadsheets? Omy o
motivations in building spreadsheets is that ibwlf me to

compare measurements from actual radios to thearétical

counterparts. This allows me to better understapdsets and
approach a best guess on certain parameters | might
otherwise be able to measure. The following fewtpkake

data from a double tuned set that | have made émzjuversus
DC out at three differing coupling distances, zhiee between
coils (over coupled), 8 inches (presumed nearcel)ti and 14
inches (under coupled).

Teflon Resonance

i~ n
| - i
Tar] | com e wa
P o S |\
o\
AN X
o Jo \vﬂobho—v—«

700 %00 1100 1300 1500
Frequency kiz
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Coupled Circuits

Fr=1098.3 Kz,
Vin=0.7 vrms

20 Q=3

Secondary mA

700 500 900 1000 1100 1200 1300 1400 1500
Frequency Kz

Coupled Circuits

Fr=1098.3 Kz,
Vin=0.7 vrms

——0.070
A = |[—o028
Iy ——0010

Primary mA

700 500 900 1000 1100 1200 1300 1400 1500
Frequency Kz

In each plot | show curves with coupling factors @670
(over-coupled), 0.028 (critically coupled), and ID0(loosely
coupled). | find it amazing just how quickly thedirced
secondary current falls off with lowered couplifighese plots
look quite different from most “generic" cartoonofsl and
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Radio:
L : 10 nH - 10 uH Spiral Tuning Inductor
€ : 10 pF - 10 nF Rotary tuning Capacitor

c1: 500 pF Fixed Capacitor
pi: Germaniun Diode
ANT: 50 mH #42 AWG x 78" Loop

138 Ohm DC series resistance
Earphone (Mouser):

ce = 15 nF
Re = 20 MOhn high impedance earphone

I Lo

WS

L

Example 0: Crystal Radio Schematic and Values

Just as in the Richter scale of earthquakes anBujitsu scale
of tornadoes, we use a logarithmic scale when congpahe
intensity of radio signals. This scale is meastredecibels
(dB). This makes for much more reasonable compasistf
two signals differ by a factor of two, they are ab8 dB apart.
If they differ by a factor of four, they are 6 dBnd so on.
Logarithmic scales turn multiplication into additioThis is
useful when we want to talk about very large or lkma
numbers. To convert a factor of 1000 to dB, yostfirount
zeros to get 3. This corresponds to log(1000) Ft&n you
multiply by 10. 3 x 10 = 30 dB. So if two signaliffer in
power by a factor of 1000, then they are 30 dBtapar

In short dB = 10log(P), where P is power. Can yeel the
power?
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Tip - Use dB to compare the power of radio signals.

The resistor Re and capacitor Ce simulate the easphTo
really understand the crystal radio, we must uneeds the
principles of the parts. If you are already an exs&ip this
quick review, but you might want to glance at tkengcurves
for voltage, current and power.

e Resistors (units: Ohms) dissipate energy as heat.
They impede the flow of electrical current, causingoltage
drop across the terminal ends. | once asked my ifiaid
wouldn't be better if a circuit had no resistorsafitbecause of
this energy loss. He said “No” and then pausedafatoment
and said, “Yes”. The voltage drop E across a msistR times
the current |, using Ohm's law. You can think of @hm of
resistance as the volt of force required to makermpere of
current flow.

Formula: Ohm’s Law

——amE—— Power (Watts) is voltage times current. Is your
resistor rated for the power passing through it@choit and
see, but don't get burned.

Formula: Power

With Ohms Law and Power, you can derive six oth@wsb
other handy resistor formulas:

— -
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Xs=wLs -1/ (wCs)

Rcoupl = (WM)"2 * Rs / (Rs"2 + Xs"2)

Xcoupl = -1 * (WM)"2 * Xs / (Rs"2 + Xs"2)

Real = Rp + Rcoupl Imag = wLp + Xcoupl - 1/(wCp)
w = 2pi * frequency

Where the subscripts "s" means secondary circuit ‘g
means primary circuit. M is the Mutual Induction the two
circuits defined as: M = sqrt(Lp*Ls) and is measblria
Heneries. The Coupling Coefficient k indicates &mount of
inductive coupling. This is a fractional value beem 0 (no
coupling) and 1 (perfect coupling). The Couplingctiéa for
the circuit then is defined as follows: M = k * gtyp*Ls).

Coupled Circuits
Fr=1098.3 iz

Ca=1166 pF
Q=35
Secondary:
R2=40 O
L2=210uH
4000 | cb=100 pF
Q=36

Secondary mV/

700 500 %00 1000 1100 1200 1300 1400 1500
Frequency Kz

The plot above presents a generic coupled circitit lwose
coupling (k = 0.1). | show the current inducedhie secondary
and the phase of the circuit impedance. Below ave t
interesting plots with the secondary current animary
current each at three different coupling factors.
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value, reactance consists of inductive XL and citipacXC
parts. The parts are not necessarily the samesaratiding
them together does not necessarily equal zero.e Nwt, at
resonance, they are equal in magnitude but oppiosiign (by
convention, XC is negative) and they do add to zevdhere
they have differing magnitudes, the combined impedaZ is
the vector sum of the resistance and total reaetg¥t + -
XC). Z is the hypotenuse of a right triangle with interior
angle phi. This is the phase of the circuit. Véhre phase is
negative the circuit is capacitive, where the phiaspositive
the circuit is inductive. Where XL-XC is very lagwith
respect to R, the phase approaches (but neveregaplus or
minus 90 degrees.

A copy of the parallel circuit spreadsheet can duenél here:
Parallel_kjs.xlsx

Time to move to the big leagues with coupling ob teircuits.
Here | am afraid my skills prove inadequate andehturned
to Mike Tuggle for help and, ultimately, a spreagistto make
the needed calculations. For this | wish to pulifica
acknowledge and thank Mike. Also to apologize to for the
significant liberties | have taken with said spreiaekt.

Terman Model: The model is
based on Terman
1947 p149, shown
at left. Mike builds
a number of
equations, the
essential ones of
which | used as

follows:
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Add two resistors in series to obtain the equiviatesistance:

Ree=R+R)

Formula: Series Equivalent Resistance

—-—

— - ) )
Use the product over sum for resistors in parallel:

=~ _RR

paralle R1+R2

Formula: Parallel Equivalent Resistance

The current flow in circuit loops and the voltag®pml across
circuit elements can be computed using Kirchoffanms and
Thevenin Equivalent circuits. The programming st laws
is already done for you in a tidy program calledNATI, a

free download from the TI web site. | highly recoemd it.

Here is a classic voltage divider, simulated insTTINA-

SPICE
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50hm ~ 50hm

Circuit 1: Classic Voltage Divider Solved in TidyNA.

. - Ordy

Figure 7: No room for color codes on surface maesistors!

A

w = 2pi * frequency

Qimpact on Resonance

Parallel Circuit

5000

, ~07v
B 000 | R=T9 kO Q=550 phae| £ 200
f R=276kQ Q=200 o
H R= 76k0 Q=55 3
§ 5000 H
-200
£
2000 400

e
1000 1020 1040 1060 1080 1100 1120 1140 1160 1180 1200
Frequency Kiz

This plot above for a parallel circuit looks, asitght, just like
that for the series circuit with the same valuek ahd C. Note
though that parallel R is significantly higher thanthe series
case. Parallel resistance is not a measure ofithtdoss but
rather how ‘tight" it is, (spoken as a non-engiheéfou

should see that Q values now go up with increasalge of
parallel resistance.

Additionally in this plot | include the phase ofetimpedance
(for the Q = 550 case). The diagram at left indisavhy it is
necessary to keep
XL XL-XC track of the real
(resistance  R) and
imaginary (reactance
X) parts of the
equations. While
R resistance is a "real"

XC

235



plot on the chart the current versus frequencytersame tank
with three variations of resistivity which givesrél different
values of Q. It is immediately clear that keepiegistance in
the circuit low good of the quality of the set.

A copy of the series circuit excel spreadsheet lmarfound
here: Series_kijs.xIsx

Having proved that | can simulate a simple serigautt it is
time to take it up a notch with a PARALLEL circufnalysis
of a parallel is inherently more complicated asnitolves
imaginary, or complex
numbers. It is necessary to
E ) keep close track of the real and
T imaginary parts of the
calculations. Also, the math
R L e dealing with complex numbers
is different, especially the
rules for multiplication and division. See my Appénat the
bottom of this page.

| take the tack of starting with the impedances ¢Z)the
components and combining them in parallel. The iy’
means to combine in parallel. Formulas for this potation as
follows:

Zs=Zc||Y

R Z
Y=(R*Zl)/(R+2Zl
Zs=(Zc*Y)/(Zc+Y)

Where:

Zl = jwL and
Zc=-j/wC
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Notes on Resistors.

1) Always measure the value of a resistor befoeguis in a
prototype circuit. Make sure your volt-ohm metes lzafresh
battery.

2) In radio sections that operate at high frequeneie want
resistors whose value does not vary with frequemtyn-film
and metal film resistors are preferred to wirewouesistors,
which are really just lossy miniature inductorsle8king of
inductors...

{000

Inductors (units: Henries)

store energy as a magnetic field. They are usueallg of wire
or other conductive material in various shapesudtats have
a direct current (DC) response and an alternatimgent (AC)
response. These responses can be steady statansieft.
Let’s throw the switch!

When the switch is closed on the circuit below,eagoal and
opposite voltage is “induced” in the inductor. ThEsinduced
voltage is called “back EMF". After several timenstants, the
circuit reaches its “steady state”. The magnetieldfiis
established and this opposing voltage disappefatise Iswitch

is opened, the magnetic field collapses and speaksensue!
There was an old saying, “nature abhors a vacuiagnetic
fields don't like suddenly open switches. This iisimportant
principle when working with sensitive semiconductor
components. Fried!

To track voltage in Tidy TINA we add a pin connedti . To
track current we add an arrow connection seerealbdtom of
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the circuit. By convention positive current flowsi positive
to negative. Electron vacancies or “holes” move tliis
direction, but real electrons flow the other wayamks Ben
Franklin!

10.00

Current

2.50+

Voltage

i Hul
i

0.00

Time (s)

T T 1
0.00 7.00 2.00 300 400W5DO

Circuit 2: Inductor Transient DC Response

Tidy TINA shows us two curves if we request a Tiens
Analysis. The top curve shows the current in theud. Since
a coil is a conductor, keeping the switch on draliresbattery.
The bottom curve shows the induced voltage asciageover
time. This transient DC response ends with thedstegate DC
response. What about AC, the stuff of which radjmals are
made?

Consider the same circuit as before, but this tiwe replace
the DC battery with an AC signal generator and &fgnphe
circuit to obtain:
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Starting with a series RLC circuit. This circuit is
straightforward and the math is pretty easy. Thenfda for
the current through a SERIES circuit is:

1=V /sqgrt[R"2 + (XL - XC)"2]
R I
' Since reactances XL = 2pifL and XC =
E() L3 1/2pifC, the above formula becomes:
P I = V [/ sgrtffR*2 + (2pifL -
1/(2pifC))~2]

The resonance response with input values ofterodised in a
crystal set, L = 200 uH, C = 105 pF, and R = 6.8®lpeaks at
a frequency of 1098 KHz with a Q factor of 200.

Qimpact on Resonance

Series Circuit

/

i, e

o -

oo 10 a0 a0 a0 10 120 1Mo ue0 10 1200
Frequency iz

The above plot shows first that it is indeed stregrward to
evaluate a circuit in excel, a series circuit anyweurther, it
gives an indication as to what visualizations canntede. |
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increases with frequency while capacitive reactateeases.

Resonance is that frequency where the two reactanaacel
each other leaving only resistance in the circut.little fun
derivation may be in order.

Looking at reactance’s where f = frequency, L =uirtdnce,
and C = capacitance:

XL = 2pifL ... Inductive reactance
XC = 1/2pifC ... Capacitive reactance, so:
2pifL = 1/2pifC ... condition of resonance

taking f out of the denominator:
2pifh2L = 1/2piC

divide both sides by 2piL
A2 = 1/272pin2LC

take the square root of each side
f=sqrt(1) / sqrt((2pi)*2LC)

and simplifying...

f=1/2pisqrt(LC)

This is the general formula for resonance.

In all the plots from here on | will show sweepsfigiquency
with impedance or current as the dependant varidbie point

of resonance on each plot should be apparent aspthat
where the dependant variable reaches its maximuue va
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The AC signal causes the inductor's magnetic fiedd
repeatedly collapse and expand in alternating tiines.
Ohm'’s law is constantly running, but now there deéay. This
delay is caused by the union of magnetic field veoskwhose
boss is Maxwell and whose contact is binding. Fotbat.
Remember this. Voltage E Leads Current | in an étmiu

Circuit 3: Inductive AC Response
ELI the ICE man reminds us that voltage leads airioy 907

in an inductor. This is called phase shift. Radicall about
keeping track of phase. We draw voltage in red amdent in
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blue on the same graph so we can see their reshijpin time.
But what about frequency?

Frequency Response: What Happens When Inductarte an

Resistance Change?

Now we can play with the inductor and resistor galand see
what happens in our circuit. We will measure thig b
comparing the gain of various configurations. Ga&nthe
amplitude of the signal in a circuit. Gain comes timee
flavors, voltage gain, current gain and power gRiower gain
is voltage gain times current gain. We want to krimow the
gain changes as we change the frequency of out sigoal.
We can determine this quickly with Tidy TINA. Firsve fix
the resistor at 1 Ohms and set the inductor toctatienries.
Then we ask TINA to compute the AC Transfer
Characteristics. Voila! We get a graph that yieldsjor
insight.
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A graphical look at Resonance
Kevin Smith

http://www.lessmiths.com/~kjsmith/crystal/resonasbeml

| write this page in order to review, in my own whimostly,
those things which go into radio frequency resoeaMy goal
was to cast into spreadsheet form the formulaseaprhtions
that determine resonance for simple circuits tha¢ often
encounters in crystal radio.

On may ask why create spreadsheets to do what SBICE
Mathematica can easily do already. As | am addrgssi
crowd who enjoys building their own radios when fswan
easily and cheaply be had at a local store, | tthiekanswer to
my rhetorical question is clear. But more than jtdding it
myself*, there are good reasons to do so. | haa® nemerous
textbook and online discussions of resonance. Maetit
feature "resonance curves" either generic cartaonSPICE
plots with no indication of the actual formulastticeeated the
plot. | start to think of SPICE as a kind of blabkx that
magically produces interesting results even toahaih little
to no understanding of the math inside.

Additionally, those occasional plots with actuaklss are for
values and magnitudes of R, L, and C that have tittdo with
medium wave broadcast band work. In order to setdgust
my expectations, | prefer to see things in theescatypically
deal with. Finally, while SPICE and other softwanay be
essential to evaluate complicated circuits, thgpeally found
in crystal radio are really not beyond spreadsteek.

Something about resonance. An RLC circuit contdioth
inductive L and capacitive C reactance. Inductigactance
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/‘ Power Gain

Circuit 4: One milliHenry Inductor Frequency Respen

Next we want to know what happens if the inductance
changes, say, to a thousandth of its value. Thatldvbe 1
microHenry (uH). Again, TINA computes the AC trasf
characteristic, sweeping the frequency from 1 to0 10
MegaHertz. This feels more like radio! Out pops mext

31



graph. Decreasing the inductance has shifted all gain
curves to higher frequencies. Maximum possible secondary current and maximumipless
voltage across £when:

Ec/Ep= (U/2k) OV (LsLp) = [V (QrQs)/ 210V (LsLp)

Power Gain

R

Power Phase

Circuit 5: One microHenry Inductor Frequency Resgon
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- goes to zero at unity coupling

- equals 3.01 dB (50 percent loss) at critical

coupling

- becomes infinite at zero coupling.
If primary power held constant by adjusting theny
voltage as coupling is varied, then secondary geltaurrent,
power and power transfer all increase with incregsi

coupling. There are no maxima at critical couplingust the
characteristic 3 dB power transfer loss.

Coupled Resonant Circuits from Terman, p. 154, ff.

™ F

ﬁwwgﬂ gwl T
L 8 E ]

The coupling coefficient is:

k = M/V(LpLg
Voltage ratio:

Ec/Ep= -V(LsLp) OK/[K? + 1/ (Q Q9]
Voltage ratio is maximum when:

k =k =1M(QprQy, and

WM = V(Rp Ry
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Now we can run different cases for hours, and tmest! have.
The trick is to focus on essential relationshipsidivhappens if
we change the resistor value but not the inductor?

Let’s return the inductor to 1 milliHenry and changhe

resistance from 1 to 100 Ohms. What happens? Hoes do
increased input resistance affect frequency regfons
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Power Gain

Power Phase

Circuit 6: Inductive Frequency Response — IncreaSedes
Resistance

If we compare Circuit 4 and Circuit 6, there iad in current

gain as a direct consequence of the resistor. Maies sense.

So to first order, we observe that with respecvaliage we
have a high pass filter — so named because highdreies are
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Resistance and reactance components of the coupled
impedancgsee 1.) are:

Resistance component: @W? 0ORs
RSZ + XSZ

Reactance component: - (@M)? 0O Xs
RSZ + XSZ

Rs and X are resistance and reactance components of Z

The effect of the secondary on the primary is dyaas if
these components had been inserted, in serieshiaterimary
circuit. The energy and volt-amperes consumed Iy t
primary current flowing through this hypothetica@sistance
and reactance represent the energy and reactivampleres
that are transferred to the secondary circuit.ehiatively, Zp

+ (WM)? / Zs can be calculated directly using standard
complex algebra.)

When primary and secondary are both resonant asahee
frequency, X% equals zero, the reactance component equals
zero, and coupled impedance equals the resistampanent,
(@V)?/Res.

If, further, the coupling is critical, the couplésipedance is
simply R..

If input voltage is held constant and coupling &ied, then
primary and secondary currents and powers and dacpn
voltage all change with coupling.

Secondary voltage, current and power all reach mmawxi
values when coupling is critical. Power transfess| (from
primary to secondary):
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Zs = seriesmpedance of secondary when considered
by itself

2. The voltage induced into the secondary by prymar
current, p, has a magnitudey M Ip, and lags the current that
produces it by 90 degrees. The equivalent secgmi@uit is:

(Ip is the primary current aftehe coupled impedance from
the secondary has been factored in.)

3. The secondary current is exactly the same cuthe
would flow if the induced voltage, Ewere applied in series
with the secondary and with the primary absent.

An alternate form of the equivalent secondary dirisu

ME,
E=-iolpe

(Zp is the primary series impedance befatee coupled
impedance from the secondary is factored in.)

226

passed and low frequencies are blocked. With réspec
current, we have a low-------pass filter, and withpect to
power, we have a band-pass filter. Interesting, no?

OO0

Inductor Calculations

Inductors are like resistors when it comes to emjaivt
circuits.

(000 (0oL

Adding two inductors in series gives the equivaleductance
of the pair:

Lsenes = Ll + LZ
Formula: Series Equivalent Inductance
Use the product over sum for inductors in parallel:

L - LL
parallel L+L,
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Formula: Parallel Equivalent Inductance

Transformers are inductors that are magneticallypss by
their proximity to each other. We will discuss thémmore
detail later.

Inductors have a kind of imaginary AC resistancdleda
inductive reactance that has units of Ohms.

Formula: Inductive Reactance

Inductive circuits have a time constant that weidsd to
above. This is the time it takes for the currenbtdid up to
63.2% of its steady state value. The units arersc

L

t=—

R
Formula: Inductive Time Constant

By choosing the right value of inductors, we cailotathe
frequencies we block or pass using “analog filigtitMore on
that and its upscale digital cousin in a momenkeTa break.
Don’t become incapacitated!

-

Capacitors (Farads)
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Chapter 2-3 Coupled Circuits

Inductively Coupled Circuits -- from Terman, p. 149, ff
See also Landee, Davis and Albrecht, Section 13.

Terman Model

Pertinent mesh equations:

Ep =lp Zp+j@Mlsg

Es = -j@MIp =1sZs induced voltage in
secondary
1. The effect of the presence of the secondarypleduo

the primary, is to add a series impedar(edVl)? / Zs, to the
primary.

M = mutual inductance
w = 2 Ofrequency
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- the coupled impedance components are added forithery
circuit impedance components to give the complepedance
of the primary.

- magnitude of the total primary current

- the current flow divides going through "Lp", thtie actual
current through the L-R branch (through L) is pndjomal to
the ratio of the L-R branch admittance magnitudtheoverall
"Lp" admittance magnitude:

L-R branch current = total primary current * (IY-R branch)

| /1Y (Co branch) + Y (L-R branch) | (Notegth-R branch
current can actually exceélde total primary current due to the
"tank" effect of the Co || (L-R) network.)

- the voltage induced into the secondary Es isutztied (step
2, above)

The voltage |V2| across load resistor Rload isr&eg the ratio
Rload / [total sec. impedance|.
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store energy as an electric field. They consisplafes of foil
separated by an insulating or dielectric materidgke their
inductive counterparts, capacitors have a directeatl (DC)
response and an alternating current (AC) response.

When the switch is closed, there is a
surge of current until charge
accumulates on the plates of the
capacitor.  After several time
constants, the circuit reaches “steady
state”. The electric field is
established and the current surge
disappears. If the switch is opened,
nothing happens but the capacitor remains fullyrgddi A
large capacitor can shock you!

250.00m—

Current

T I T 1
0.00 250,000 500,000 750.00u, 7.00m|
Time (s)
Circuit 7: Capacitor Voltage and Current Vs. Tirfleansient
DC Response
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This simulation uses a 1-Farad capacitor, whicphigsically

large, about the size of a large soup can. In radétypically

work with much smaller values as we shall soon Jée

principles and response curves are similar; the tonstants
are much shorter. Remember these units and abbiosga
you will use them often, especially nano and pico.

Unit Abbrev. “Of a Farad” Multiplier
Comment

Farad F 1 1
Huge!

milliFarad mF 1 thousandth 10-3
Big!

microFarad pF 1 millionth  10-6
Pwr. Sup.

nanoFarad nF 1 billionth 10-9
Various

picoFarad pF 1 trillionth 10-12 RF

freq.

Table 1: Unit Prefixes, Abbreviations and Multipte

Consider the same circuit as above, but we replace

the DC battery with an AC signal generator like so.
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The complex impedance and admittance of primary and

secondary coils “Lp" and "Ls" are:
Z = R/[(1-ufLCo)?+ af Co’R?
+ jOw[L(1 - &fLCo) - CoR¥ / [(1 - & LC0)? + uf Co’R?|

Y

= R/[RP+0?L?% - jOaL(l - &fLCo) - CoR? /[R?+
0?2

Thespreadsheetequires the followingnput data:

L, Co and, at each frequendy, for coils "Lp" and "Ls." (L's
are true inductances.)

Coupling coefficienk or mutual inductance M.

Residual circuit resistances (if arigpri andRsec

The spreadsheet proceeds by calculating

- the complex impedance and admittance of the pyirail

Lo

- the admittance calculation is checked by calmgathe
admittances of the parallel legs in "Lp": the @®g land the
series L-R leg.

- the complex impedance of secondary coil "Ls"
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Resistance and reactance components of toepled
impedanceare:

Resistance component: @W? ORs
RSZ + XSZ

Reactance component: 2( ) 0 Xs
+ X

Rs andXs are the resistance and reactance componets of

The effect of the secondary on the primary is dyaas if
these components had been inserted, in serieshiatprimary
circuit. The energy and volt-amperes consumed gy t
primary current flowing through this hypotheticasistance
and reactance represent the energy and reactiv@mwpleres
that are transferred to the secondary circuit.ehlatively, %

+ (wM)?2 / Zs can be calculated directly using standard complex
algebra.)

2. The voltageEs induced into the secondary by primary
current,lp, has a magnitude) M |, and lags the current that
produces it by 90 degreesp is the primary current aftehe
coupled impedance from the secondary has beerréaicin

3. The secondary current is exactly the same wurtteat

would flow if the induced voltage were applied ries with
the secondary and with the primary absent.
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Current |

Causes
Voltage E
5.00

250 —
2504
000 250000 50000 750,000 1 o0m

Time (s)
Circuit 8: Capacitive AC Response

_I

Output
S
i

The AC signal causes the capacitor's electric fietd
repeatedly collapse and expand in alternating tiines.
Ohm’s law is constantly running, and again there ighase
delay. Current Causes Voltage in a capacitor. Therdw
“Causes” is just a hack so that we remember theolC f
Capacitor in the famous ELI-the-ICE-man phrase thatinds
us that voltage leads current in inductors and ecurieads
voltage in capacitors.

Frequency Response: What Happens When
Capacitance and Resistance Change?

Just like before we play with capacitance and
resistor values to see what happens in our circuit.




Again, we will measure this by comparing the gafivarious
configurations. First, we fix the resistor at 1 Ghand set the
capacitor to 100 uF. Then we ask TINA to compue AC
Transfer Characteristic. A graph again provideggirs

Voltage Gain

Current Gain

50,00

-100.00|

Gain (dB)

-150.00-|

R: 1 0hms
oo oo C: 100 uF

200005 —l—

a

10000

Phase [deg]

Current Phase

3
;

Voltage Phase

T T T T 1
1 10 100 1k 10k 100k 1M oM f00M
Frequency (H2)

Circuit 9: 100 uF Capacitor Frequency Response

As before we want to know what happens if the
0 capacitance changes, this time to a hundredthsof it
||

value. We set the capacitor to 1 uF (1 microFarad).

Again, TINA computes the AC transfer

Terman Inductive Coupling Model
Mike Tuggle
(Personal Comm)

While the primary and secondary circuit impedancesive
the Co || (L-R) networks “"Lp" and "Ls", we assurhattthe
coupling between circuits is a function solely afuet
inductances L1 and L2 and their mutual inductance M

Thebasis of the calculationis drawn from F.E.Terman, Radio
Engineers' HandbooH st ed., 1943, p. 148 ff:

1. The effect of the presence of the secondanypled to the
primary, is to add a series impedanceypled Z = (wM)? /
Zs, to the primary, where:

M = mutual inductance

= 2rt Ofrequency

Zs = series impedance of secondary when
considered by itself
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v3 = jw M23 i2
The voltage v1 induced in L1 will be:
vl =jw M12i2

Since voltages in series must add up, the voltagesa the
entire coil v1 will be:

vi=v2+v3

Putting these voltages in terms of 2 from the ey
relationships, we get

jwM12i2 = jwl2 i2 + jwM23 i2
Taking out the common factanip, this simplifies to
M12=12+M23

This page last updated: January 3, 2016
Copyright 2009, 2016, Robert Weaver
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characteristic, sweeping the frequency from 1 to0 10
MegaHertz. That radio feeling is coming on strong.

R

Power Phase

Circuit 10: 1 uF Capacitor Frequency Response

Are you starting to see a pattern? What happens
if we change the value of the resistor but not the
capacitor? Let's return the capacitor to 100 uF
and change the resistance from 1 to 100 Ohms.




What happens? How does increased series resistdfess
circuit frequency response?

000

Voo S T~ T
4;0.00-
g
= -100.00
&
~50.00-|
R: 100 Ohms
. |ci100uF
2000 1

100,00

Phase [08g]

Current Phase
0.004
¥
- - - —
1 10 100 1k 10k 100k M J0M 1000
Freguency () |~

Circuit 11: Capacitive Frequency Response — Ine&eries
Resistance

If we compare Circuit 9 and Circuit 11, there ave effects of

keeping the same capacitor and increasing thetasses

Current gain decreases. That makes sense. Thedseffect is

to shift the curves to the left. It looks like wecieased the
capacitance, but we didn't.
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components. To develop formulae to find the reglire
component values is beyond the scope of this digmusIn
this case we are better off availing ourselves spaeadsheet
using these formulae, and then plugging in variealses until
we have the desired frequency range. If it turnstbat the
practical values of inductor and bandspread capasie have
to work with don't give a narrow enough frequenapge, we
can of course, reduce the range of the bandspagzatitor as
we did in Parts 1 and 2 by adding a padder andfonter.

Acknowledgement

| would like to express my thanks to Mike Tuggle ovh
provided valuable feedback and also performed SPICE
simulations verifying the formulae.

Appendix

Derivation of Mutual Inductance Between a Coil anflection
of the Same Coil

Using the same notation as used previously, L1his t
inductance of the entire coil, L2 is the inductarafethe
bottom section, and L3 is the inductance of thesegiion.

If an AC voltage source v2 is impressed acrossthe current
i2 will be:

i2=v2/(jwL2)

and hence

V2 = jwl2i2

The voltage v3 induced in L3 will be:
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(1 = k)1 [3CaCpw* — L1 Caw? — LoCruw? +1=0

(31)
where the coupling coefficient k is given by:
b= Li+Lx—Ls
2/ LyLy

and then (31) can be solved for frequency using useal
quadratic formula:

_ —b— b —dac
T= 2a
where:
o =w?

a=(1—k¥)L,LCuCr
b= 7([410,4 -+ LQOB)
c=1
Having calculated x from the above, the resonamjuency F
will be
VT
F=_1—
2m
where F is in Hz, and the other component valuegyaren in
Farads and Henries.

For convenience, the calculation may be done usitgfarads
and microhenries, but the resulting frequency tién be in
Gigahertz, and therefore will need to be multiplidy
1,000,000 to get kHz. Hence:

6
Fo 108 /3

2T
In contrast to Parts 1 and 2, where we selectedrhitrary
frequency range and then developed formulae to fimel

necessary components values, here we have develaped

formula to find the resonant frequency from a gismt of
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We observe that our capacitor drains more slowlgnthe
resistance is higher. In an opposite sense to indiic
capacitors are a low-pass filter with respect tiage and a
high--—--pass filter with respect to current. Witsspect to
power, we have a band-pass filter as before.

-

Capacitor Calculations
Capacitors are the opposite of inductors and msisvhen it
comes to equivalent circuits.

-
4+

Because it looks like increasing plate area, addwg
capacitor values gives the PARALLEL equivalent cajaace:

Cparalld =C1 + CZ

Formula: Parallel Equivalent Capacitance
Use the product over sum for capacitors in SERIES:
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- GG

series Cl +C2

Formula: Parallel Equivalent Inductance

There isn’t the capacitive equivalent of a transfer.

Capacitive circuits have a time constant. Thishis time it
takes for the voltage to build up to 63.2% of itsasly state
value. The units are seconds.

Formula: Capacitive Time Constant

Capacitors also have a kind of imaginary AC resistacalled
capacitive reactance that has units of Ohms.

x - L
2mrfC

Formula: Capacitive Reactance

That's it for capacitance right now. Consult théerences in
the last chapter if you want to delve in deepenttiime allows
here.

Summary — Capacitance and Inductance:

The figure below summarizes what we have just disd by
direct simulation. Inductors and Capacitors areitherses of
each other. This is an idea as deep as the eletsssfiThe left
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aiding or opposing, and the sign and value of M1Rhe self-
evident.

If we are dealing with the single tapped windingttu circuit
in figure 1, then we can directly measure the &l 1, L2
and L3.

Then the mutual inductance between L2 and L3, is
Ly —Ly— L3
My = 5
And it can be shown (see Appendix below) that theual
inductance between L1 and L2 is
Mg = Moz + Lg
Hence:
Li+La— L3
My =—7— 2=

Now that we have determined M12 by one of the above
methods, the coupling coefficient is then given by:

kiz = M
VI1La
or combining these two formula, we get:
ks = Li+Ly—Ls
2/ LiLs

This now gives us all the information required ticalate
resonant frequency of the bandspread tank circuit.
Summary

The relationship between component values, andneggo

frequency of a tapped coil bandspread circuit feenbgiven
by formula (31):
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m:wz

a=(1— k2)L1L2C‘ACB
b= —(L1Ca+ L2:CBg)
c=1

Note, that a quadratic equation will generally hawveo
solutions because the square root portion canthergiositive
or negative. For normal situations, the form giadove will
provide the correct frequency. The other resuéigsally valid
mathematically, and will give a much higher resdnan
frequency which we may interpret as a parasitieréfore, it
may be prudent to ensure that related circuit corepts are
selected to prevent operation at undesired freqesnc

Now, we can plug the component values into the abov
formula and solve fow2, and consequently solve for and
frequency.

The only value that will not be readily known isetboupling
coefficient. However it can be calculated from titer coil
parameters.

If we are dealing with the isolated windings of ttiecuit in
figure 2, then we can measure the inductance oftie
windings separately, and then connect them in seaed
measure them again. Using the following formula, thutual
inductance can be calculated:

Lsgrips = L1+ Ly =2Mh2

Hence:

M=+

The contribution due to M12 will be positive or atige
depending on whether the polarity of the serieseotions are

Lsprigs — Ln — Ly
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column shows a capacitive circuit and the rightuoui shows

its inductive counterpart. The component values are
summarized in the lower left corner of each diagras
before voltage gain is red, current gain is bluel power gain

is yellow.

Figure 8: Side-By-Side Comparison Capacitance and
Inductance
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RLC Behavior — Parallel Case

Consider an RLC circuit where the inductor and capaare
in parallel. The following figures catalog voltagairrent and
power gain as we vary component values. You carodejge
these results in Tidy TINA and see which valuesultem

which curves, a worthwhile bit of fun. The flat dinin each
image is the gain for the source, set to 1 milltMolsimulate a
strong radio station.

v E

ST

S

Circuit 12: RLC Circuit — Parallel LC
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_ (k2 =1Ly Ly +jwli Zen
Zy = Zoall jwle+Zop (26)
Next, we invert the formula so that we can combthe
parallel impedances:
1 jow Ly +2,

7 = 705 + TS T e @7

Also note that the reciprocal of the impedance lig t
admittance, and at parallel resonance the admétdizN
(neglecting any resistive components) will be zétence:

1 jwlo+Zc —
Zox e L e s — 9 (28)

Capacitive reactance is given by:
2C=-j/(wC) = 1/(jwC)

Substituting this for the ZCx terms in the formula:
;wL:-t-T;b—- cuig
[ P 29
Multiplying everything by the denominator of thadtion:
FwCa((k® - Dw2L Lo + t‘éf;') + jwlo + T«.:lc“.; =0
(30)
and then multiplying by«jCB we get a relatively simple
formula:
(1 - k2)L1LgC’ACBw4 = [0 aw? — [oCRw? +1=0
(31)
Since there are n@ or w3 terms we can solve this as yet
another quadratic equation:

JwCa +

_ —b— ¥ —dac
= 2a
where
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Note that when we convert from impedance to capacé,
1/n2 becomes n2. Also, since n=N2/N1, and we asghate
because N2 represents the tapped part of thencthieioriginal
circuit, it is smaller than N1. Hence, n will besdethan 1.
Therefore, when CB is transferred to the primanesiits
effective value becomes smaller.

We have demonstrated that if the coupling coefficiis 1,
then the equivalent circuit is reduced to the sdaon
impedance multiplied by the
7, turns ratio and transferred to
the primary in parallel with
_5 c ‘5;1-‘6:. L the primary inductance and
7] 7 i capacitance, which agrees
with traditional transformer
Tio theory. The capacitor CB on
Figure 5 the secondary side can be
scaled by multiplying by n2 and placed in paraiiith CA on
the primary side. However, it's worth noting onepartant
fact. In traditional transformer theory, the seiflictance of
the primary is generally considered much highem tiiae
transferred impedance from the secondary side,imdten
neglected. However, we can't neglect it in our cas®e it
forms the inductive part of the resonant circuit.

Since we have carried the effect of the couplingfficient k
through to formula (21), we can go back a few stpd see
the effect of a coupling coefficient less than 1.

Starting with (21) again:

— —w?l Lotjwl Bep+w?kl Ly
ZN = ZCA ” jwla+Zcp (21)

First we combine the commas2L1L2 terms
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Figure 10: RLC Circuit — Parallel LC — Current Gain
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TRy 1 ohm - 100 Ohm
| L: 1 uH - 100 uH
50.00-| €2 1 PpF - 100 pF
z "~
= <100.00-}
&
o
150,00
-200.00 : ]

T T T
100k M 10M 100N 16 10|
Frequency (Hz)

Figure 11: RLC Circuit — Parallel LC — Power Gain

RLC Behavior — Series Case

Consider an RLC circuit where the inductor and ciapaare
in series. Note the difference in the responseesuin series
versus parallel components. You can right click pecgfic
curve in Tidy TINA to discover the RLC values tltve rise
to it. One thing you will notice is that while tparallel case is
a band-stop filter for RF power, the series case limnd-pass
in most cases. The peakiness of the filter is ther @uality
Factor of the resonant circuit. More on that latéotice that
series resistance hurts performance of the barsl-filksr,
turning it into a band-stop filter! Not good forning in your
favorite crystal radio station. Again, we set tharse to 1 mV
to simulate a strong station. We will make thoseditions
more severe later.
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Taking everything on the right to a common denoraina

_ Jwln (jwle+Zop) kL Ly
Zn = Zoall( GolitZos T juLitos)

Zxn =Zca || (MM);M)

dwlo+Zcn

(20)

Remembering thg@=-1:

= —w?Ly Lptjwly Ze p+w?k®L Ly
Zn = Zoa H dwla+Zcn (21)
Notice that in the numerator, the first and lastewill cancel
each other out when k=1. Let's assume for the mbthanthis
is the case. Then we are left with:

— dwly Zeg
Zn = Zoa || 2255555 (22)
Also when k=1, the n2 relationship exists betweehuctance
values as previously mentioned:

L2/L1 =(N2/N1)2=n2

where we define n as the turns ratio. Substitut@m?2 for L1

— 1 _jwl2Zep
Zny =Zcall o= jwLla+Zecs (23)

Notice that we now have a fraction in the form d8/pA+B)

which is the formula used when combining parallel

impedances. Therefore, this is equivalent to haxiremd B in
parallel. Hence:

Zy =Zoal| 2oz || sriwla (24)
or
Zn = Zca |l xZcn || jwin @5

So, for the case of k=1 (which would generally gpipl the
situation of a coil on a ferromagnetic core), wa oedraw our
circuit as shown in figure 5.
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From this we can define Z', the coupled impedasce a
Z'= (wi)?
= Zyt+Zcos (16)

Using equation (16) we can simplify the circuitfigiure 3 into
a single loop as shown in figure 4.

In summary then, the effect that the current flayin the
secondary circuit has on the primary circuit cartreated as
another voltage drop VZ' due to an impedance Zliegpo the
primary circuit as shown in figure 4. Here, Z' ilaqed in
series with the other primary circuit componentsyd a
completely accounts for the
effect due to the secondary
circuit. We have now reduced the
original two loop circuit to a
single loop circuit.

The net impedance ZN of the
primary circuit is:

= M)?
Zn =Zca || (21 + 28 an
where || indicates components combined in parallel
Substituting (11) into (17) we put M in terms of L2 and k.
25,2
Zn = Zoa |l (1 + 5555) )

If we neglect any resistance in the circuit, thes impedances
are purely reactive. The impedance of an industgiven as:

Z=jwlL
Hence:
; k2L
Zy =Zga || (jwli + J:ﬁf‘z%.?) (19)
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Circuit 13: RLC Circuit — Series LC

Figure 12: RLC Circuit — Series LC — Voltage Gain
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Figure 13: RLC Circuit — Series LC — Current Gain

Power Gain

Figure 14: RLC Circuit — Series LC — Power Gain
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Now, let us assume that a sinusoidal alternatiritage VT is
applied across terminals T1 and T2. This causestamating
current il to flow in the primary circuit. This iBustrated in
figure 3, which shows the circuit components aseidgnces.

From the previous definition of mutual inductantieen this
alternating current induces a voltage VZ2 in theoseary
circuit across Z2, which in turn causes a curr@roi flow in

the  secondary
circuit.

Now, current i2
in the secondary
also induces a
Figureg voltage Vz1
back in the

primary across Z1.

The voltage and current relationships are given thy
following formulae:

Vr =42 + jwMis 12)
S Voo

= FvZes (13)
Vig = —jwhMi, (14)

The second term in equation (12) shows that thecefif the
secondary circuit corresponds to a voltage drop. tde
substitute in equations (13) and (14) to get thisage drop in
terms of il.

Vip = iy 7y + eI jwdi,

Zot+Zeg
or
. 2,
Vr=42,+ %&;h (15)
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L2/L1 =(N2/(N2 +N3))2=(N2/N1)2
etc.

However, except as specifically noted below we wit make
any assumptions about the value of the coupliredficient.

Note that L1 is not equal to L2+L3 (except when k=Dhe
inductance of the entire coil is, in fact, given by

L1=L2+L3+2M23

We will leave the circuit of Figure 1 for the tinbeing, and
deal with an equivalent coupled circuit consistiraf
completely separate windings as shown in Figure 2.

In this circuit, we will still assume that even thgh the coils
are separate, they are still inductively coupledti¢¢ also, we
keep the same terminology between figures 1 andacB that
CA is still connected
7, o- across L1 and CB is still
connected across L2. We
will also assume that L1

e ;L #C' has the same number of

Qe “ turns in both figures and

T.o L2 has the same number
Figure 2 of turns in both figures.

Consequently, for the
purpose of this analysis, both circuits will behassentially
the same. The reason for separating the bandspeesidn of
the circuit into an electrically isolated winding o make the
circuit analysis a bit simpler to follow.
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Diodes

do not store energy like capacitors and inductdrey are

one-way valves for the flow of current. They arguably the

most important single component in radio becausethef
multiple purposes they serve. Diodes are semicdndsic
consisting of a P-N junction doped to attain desite

characteristics. Like their siblings, diodes hawdiract current
(DC) response and an alternating current (AC) respoThese
responses can be steady state or transient. thetsv the

switch!

Notice that the circuit below uses two single pideible throw
switches connected so that we can switch the pylari the
diode. We retain the series resistor as a curientifg
resistor, although in a real circuit, say with ghtremitting
diode, the value would be considerably higher, betw500
and 2000 Ohms to prevent the diode from burning out

In this simulation we assume the diode can taketeviea the
flow of current is and we observe the transientrB§ponse for
two cases. The first case when both switches amendo
corresponds to the normal polarity of DC voltagensen
previous examples. The diode is positioned so thist is a
forward voltage corresponding to the direction ihich the
diode allows current to flow. The current curvébise and the
forward voltage curve is red. Notice that the ditalees only a
few picoseconds for the diode to switch on. Theetintakes a
diode to turn on is an imporant parameter of thedel
especially for radio work.
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Circuit 14: Diode Transient DC Response — Forwandr€ht

Now let's reverse the position of both switchesstmulate
flipping a double pole double throw (DPDT) switchhis
reverses the polarity of the battery. What do thimk curves
will look like?
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Va = wMi; (10)
and conversely
Vi = wMiz

where the subscripts 1 and 2 designate the paresmeftehe
first and second coil respectively. M is the mutinaluctance
between the two coils, and the voltages and cisreme
sinusoidal at an angular frequenoy2nf. (w is the lowercase
Greek letter omega.) If the two coils are perfeatyupled,
then

M=vIi;

If they are not perfectly coupled then we introdaceoupling
coefficient into the relationship thus:

M= k‘\/m (11)

where k ranges between zero (no coupling at ak) ane
(perfect coupling).

From Figure 1:

L3 is the inductance of the upper section of thit emd has
N3 turns

L2 is the inductance of the bottom section of thé, @and has
N2 turns

L1 is the total inductance of the whole coil ands ha
N1=N2+N3 turns

If the coupling coefficient is one, then there isdaect
relationship between number of turns and inductaand the
following relationships apply:

L3/L2=(N3/N2)2
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linear relationship between frequency and tuningaciance,
as the following graph illustrates:

Tuning Characteristic
4000
6300.0
2000
6100.0
6000.0
5900.0
5800.0

Frequency (kHz)

57000
5600.0
5500.0

5400.0
(13 200 0 0.0 8.0 100.0 1200
Bandspread Capactance (pF)

In this analysis we will treat the coil as an atansformer
keeping in mind that traditional transformer theatiyerges
somewhat from loosely coupled coil theory. Withnsormer
theory, the coupling coefficient between windingsniearly
unity, which allows for a few simplifications. Thefore, in this
analysis, we will need to adjust the model to aatdar the
fact that the sections of the coil are loosely dedip (This
work is based largely on the information provided the
classic texts: ‘Radio Engineering’ and ‘Radio Emgiris
Handbook,” both by Frederick E. Terman.)

When two coils are inductively coupled, then a entrin one
coil will induce a magnetic flux in the other cahd vice
versa. When the current in one coil changes, thedhanges,
and the changing flux will induce a voltage in thher coil
according to this relationship:
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0. W}
-1.00-]
_ -2.00-] ]
= =
s =
-3.00]
-4.00 =
“ T T T 1
0.00 500.000 1,000 1.500 2,000
Time (5)

Circuit 14: Diode Transient DC Response — Reverseedt

This case shows the diode in the direction it dusiswant to
conduct. There is a momentary surge of current tigidiode
turns off. Note that it takes this diode longetum off than it
does to turn on — in the simulation at least. Abaut
nanosecond. Do these curves remind you of anytaimgiar?

Now let’s replace the DC battery with an AC siggeherator
and simplify the circuit to. We don't need the DPBWitch,
because the AC signal generator is doing that for Tthe
simplified circuit looks like this:
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Circuit 15: Diode AC Circuit

Let’s run the signal generator at a low frequersay 60 Hz.
This is the frequently encountered in power sugpfienning
from wall current in the US after a step-down tfanser. We
obtain the expected and classic waveform for halfev
rectification of an AC signal.

50 Freq: 60 Hz
2.50-]
£ 0.00
o
250
@ T T T 1
0.00 25,00m 50.00m 75.00m 100.00m]
o e

Figure 15: Diode 60 Hz Frequency Response

Now let’s run the frequency up to the high end l#f fwdio

sampling spectrum, say 44 kHz. Notice that we start
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Using a Bandspread Capacitor
Robert Weaver

http://electronbunker.ca/eb/Bandspreading_3.html
Connected to a Tap on the Tank Coil

Here in Part 3, we take off in another directiore ¥fe going
to analyze a method of bandspreading where thespagad
capacitor is connected to a tap on the tank induend a
bandset capacitor is connected across the entite Tdus
configuration is shown in Figure 1.

This is a system that has

70—+ . been used on both
L_g commercial and

7_’_.! c L % homebrew shortwave

- receivers dating back to

L r the 1930’s. The circuit is

as shown in figure 1. In
Figure 1 this circuit, the main

“Bandset” variable
capacitor is CA, and may be either fixed or vagabvhile the

“Bandspread” capacitor CB is variable.

i
ZCy
Tiod 7T

In essence, the goal is to find a relationship betwcircuit
impedance across terminals T1 & T2 and frequencyiieen
values of capacitance and inductance.

Before we go any further, we may ask ourselves waywvant
to do something that looks quite a bit more conapdéid than
the bandspread arrangements we have already lcaikdthe
answer, as we will discover, is that this givesemarkably
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is no longer maximum at resonance. As we have already noted, at a fre-
queney slightly below resonance the coupled impedance is inductive,
whereas the impedance of the series tuned primary is capacitive. Therefore
there are two frequencies, one slightly above the resonant frequeney and
one slightly below where the coupled reactance tunes the primary reactance
to give minimum total primary impedance and therefore maximum pri-
mary current. This double hump in the primary current tends to flatten
the peak of the secondary current response curve since the emf induced
into the secondary at the resonant frequeney is not quite as great as at
the two hump frequencies either side of resonance.

If the tuned circuits are overcoupled, the increase in coupled impedance
moves the primary current humps further apart. This in turn causes such
a decrease in primary current at resonance that the secondary current also
starts to show a double humped curve as shown in Fig. 19.15. In practice
a coefficient of coupling of 1.5 times the critical eoeflicient of coupling
produces such a slight dip in the secondary current at resonance that the
resulting secondary current resonance curve has a very desirable flat top
with steep skirts.
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encountering some switching noise as we approaeh th
switching speed of the diode.

Figure 16: Diode 44 kHz Frequency Response

Finally let’s run the diode at a frequency we mightounter
in our crystal radio, say the middle of the AM band

55



Figure 17: 1N1183 Diode 1 MHz Frequency Response

Now our signal is dominated by switching noise. sThi
particular diode, can't switch fast enough to fgdte signal.
Notice the ringing. The only way to see it is ttegrate using
the Gear method with a 6th order integration. Changhe
diode to a faster 1N4150 largely eliminates thgirig.
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a critical coupling for a given pair of tuned eircuits at which maximum
energy transfer from primary to secondary takes place.

At resonance, Z,=R,
2
and the coupled 7=l
Therefore for eritical coupling,
M = RyR./e?
But M = K*L,L. (19.32)
R R,

= LB s

Therefore K= oL XL
1

from which K. = W—ﬁ (19.40)

With critieal coupling, the sccondary current attains its greatest value.
But with the coupled impedance rising at resonance, the primary current

Loosely coupled

Gritical coupling:
H
5
£
I
Crtieat eoupling.
E Overcoupled
3 Loosely coupled.

[

Fig. 19.15. Bffect of coefficient of coupling on the resenance curves of
a tuned transformer.



Considering now the effect of tuning the secondary circuit, the total
secondary circuit impedance [Z, + Z;, in Equation (19.39)] will be min-
imum and equal to 2, at resonance.

‘Therefore the secondary circuit be- Secondary
Impadance

haveslike a series resonant circuit,
Since (wM)* is essentially constant
over the small range of frequencies
near resonance, when Z, + Z; be-
comes a minimum, the coupled im-
pedance becomes a marimum as
shown in Fig. 19.14. And when the
source frequency is slightly lower A
than the resonant frequency, X, Frequency

is greater than Xp, and the sec-  Fig. 19.11. Effect of a tuned secondary
ondary impedance becomes eapaci-  cireuit.

tive. But dividing a capacitive im-

pedance into (wM }* with its 0° angle results in an fnductive eoupled imped-
ance. Therefore, as far as the signal source is concerned, the secondary
behaves as if it were a parallel resonant ecireuit in series with the primary
winding.

The primary impedance by itself in the cireuit of Fig. 19.13 is attempt-
ing to become & minimum at resonanee in order to allow maximum primary
current to flow. But the coupled impedance is attempting to raise the pri-
mary impedance at resonance, thus limiting the maximum primary current.
The extent to which the coupled secondary tuned circuit affects the pri-
mary resonance curve depends on the degree of coupling between the coils.
‘When the coupling is very loose, the mutual inductance is very small and
even at resonance the coupled impedance is smailer than the resistanee of
the primary circuit. Under these circumstances, the only efiect that the
coupled secondary has on the shape of the primary eurrent resonance curve
is to limit its peak value slightly. The secondary current tends to have the
usual series resonance curve. But with loose coupling, since the primary
current rises to a maximum at resonance and since the secondary induced
emf depends on the primary current, the secondary resonance curve is much
sharper than that of a single tuned ecireuit having the same Q.*

We will recall from earlier studies that maximum transfer of energy
oceurs when the load resistance is equal to the resistance of the source.
Applying this to magnetically coupled tuned circuits, maximum energy
transfer will take place when the coupled resistance is equal to the primary
circuit resistance. Since the coupled resistance depends on the mutual
inductance, which in turn depends on the coefficient of coupling, there is

Impedance

* The bandwidth is approximately af A2 Kj.
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Figure 18: 1N4150 Diode 1 MHz Frequency Response

Diode Calculations
For low frequency applications diodes can be sthdkaeries.

o mE

Connecting two diodes in series doubles the peakrse
voltage (PRV) rating:

PRV, =PRV, + PRY,|
Formula: Series Equivalent Inductance

Connecting two diodes in parallel doubles the aurrating:

57



Formula: Series Equivalent Inductance

It the first case it is necessary connect a higlues resistor
across eacg diode to minimize transients and egualight
differences in the characteristics of the diodee Qule of
thumb is to multiply the PRV of the diode by 40@. the
second a low-value resistor, usually less than bBm,ois
connected in series with the pair of diodes.

Summary
This concludes chapter one. We have seen a siragle, ra
crystal radio, and how each of the parts work. Neevwill

look in detail at fundamentals of software definetlio,
including software and hardware.
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the vector division, dividing an impedance with a + angle into (wM)* with
its 0° angle results in a capacitive coupled impedance. Since Z,, is largely
tnductive, the capacitive impedance coupled into the primary cireuit via
the mutual induetance adds the coupled resistance component in series
with the primary resistance component but reduces the total primary
resctance. As & result, the total impedance becomes smaller as the sec-
ondary is loaded with a resistance, thus allewing more primary current
to flow in order to transfer energy to the secondary circuit. This then
cheeks with our first approach to transformer action in which we discovered
that primary current must increase when a transformer is loaded in order
to keep the amplitude of the mutual flux sine wave constant.

Example 83 If the resistance of the windings can be neglected, determine the
total input impedance to the transformer of Examples § and 7, (a) with the
secondary open circuit, and (b) with a 50 ohm resistance connevted to the

secondary.
Solution:
@ Zi, = Z, = wl, = 377 X 5 = +j1885 ohms
&), CogglediZee l(m-:l ;L - +j((3377; 3 cl.éﬁ)?:- 50
— 200000 _ 1300/—80.5° = 213 — 71284 ohms
304/80.5°

S Zuo= (471885) 4+ (213 — j1284) = 213 -+ j601
= 636 ohms /+70.5°

7. Tuned Transformers

The mest important applieation of looge coupling is the use of tuned
transformers in radio eireuitry. If we consider the source of emf to be a
constant voltage source as in Fig.
19.13, the primary winding is designed
to form a series resonant circuit with
the capacitive reactance of C, equal
to the inductive reactance of the pri-
mary winding at the desired resonant
frequency. This will result in maximum
current in the primary winding at reso-
nance (neglecting for the moment any coupled impedance due to see-
ondary current).*

*If & vacuum-tube amplifier is used to feed the primary of a tuned transformer, the
vacuum tube represents 4 constant eurrent source providing o signal current equal to
the mutual eonduetance of the tube times the signal input voltage to its grid. Hence Cy
must then be eonnected in parallel with the primary winding to obtain maximum primary
current {resonant rise of current) at resonance.

Fig. 19.13. A tuned transformer.
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form of equivalent circuit for this transformer, r ing the self-induced
emf by an inductance symbol and the mutually induced emf by a gen-
crator symbol. To satisfy Lena's law, the polarity of the generator must
be such that it opposes changes in I due to the applied emf E,. Hence,
changing the polarity of the generator symbol in the secondary circuit will
not change the polarity of the voltage I,(--jwM) in the primary circuit.
Consequently, Kirchhoff's voltage law equation for the primary loop
becomes
E, = I;(Ry + juL,) + L{+jeM)

LZ, + L{+joM) (19.34)
where Z, is the open-circuil impedance of the primary circuit by iself, and
w is the mutual reactance of the two windings. Note that Lenz's law gives
us the same direction for I that we chose for our generalized coupling
network. [Compare Equation (19.34) with Equation (19.5).] Hence, we
write the loop equ:n.iun for the secondary eireuit of Tig. 19.12(c) as

= L + R, + jol) + L{+joM)

or

or 0—1(7L+z)+1(+]w11) (19.35)
where Z, is the op dary winding by itself.
[Compare Equations (18.35) and (19 14)] From Equation (19.35)
_ =L(4juM)
1= = (10.36)
Substituting in Equation (19.34),
M)
1,2, ~ 1, —-L .
7+ 7 (19.37)

Tlquation (19.37) is the equivalent of Equation (19.16). In this case we
can go one step further by substituting —1 for 7% Thus

lwM)
- L2+ 1L (19.38)
and dividing through hy 1
(M)
T =2+ 00 (10.39)

where (wM)?*/(Z, + Z3) is the coupled impedance for iransformer coupling
Note that when we substitute —1 for 7, (M)* has now become an im-
pedance with a 0° angle.

We can check Equation (19.39) by considering the cffect of loading the
secondary winding of a pair of magnetically coupled coils. If the secondary
is left open-cireuit, Z; is infinitely large and, therefore, the coupled im-
pedance in Equation (19.39) becomes zero. Therefore, the total impedance
is simply the primary impedance alone as we would expect. If we connect
a resistance across the sccondary winding, Z; will have a 0° angle. Since
Z. is largely the inductive reactance of the secondary winding, the total
secondary circuit impedance is inductive. Therefore, when we carry out
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Resonant Circuits
Mouloud Rahmani

http://mouloudrahmani.com/Electrical/REMicrowaves@rant
Circuits.html

The resonant circuit is used in electronics systeims
selectively pass a certain frequency or group efidfencies
from a source to a load while attenuating all otirequencies
outside of this passband.

Passband
(171 : | ——

Attenuation

fi Frequency

FIG: 2-1. The perfect filter response.
Bandwidth

The bandwidth of any resonant circuit is most comiyo
defined as being the difference between the uppérlawer
frequency ( f2 -f1) of the circuit at which its alibpde
response is 3 dB below the passband response. dftéa
called the half-power bandwidth.
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Q

The ratio of the center frequency of the resondamuit to its
bandwidth is defined as the circuit Q.
Q =fe/(f2 - f1)

Shape Factor

The shape factor of a resonant circuit is typicaﬂ;iineq as
being the ratio of the 60-dB bandwidth to the 3dahdwidth
of the resonant circuit. Shape factor is simply egrde of
measure of the steepness of the skirts. The sniaéenumber,
the steeper are the response skirts.

Insertion Loss

Whenever a component or group of components isitetse
between a generator and its load, some of the Isigima the
generator is absorbed in those components due'rrdmherer)t
resistive losses. Thus, not as much of the tramsdhiignal is
transferred to the load as when the load is coedetirectly to
the generator. (No impedance matching functio_n aind
performed.) The attenuation that results is cailsértion loss
and it is usually expressed in decibels (dB).

The voltage division rule (illustrated in Fig. 2-d)ates that
whenever a shunt element of impedance Zp is placedss
the output of a generator with an internal resistaRs, the
maximum output voltage available from this cirdsit

Vout =(Vin) Zp/(Rs + Zp)
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sec. 19-6 COUPLED IMPEDANCE 463

of £ in Fig. 19.12, we can reverse the phase of the output voltage by
reversing the direction of one of the windings, or simply by reversing the
leads to one of the windings. Where it is necessary to keep track of this
phase relationship in & efrcuit diagram, we mark one end of each winding
with & dot as shown in Fig. 19.12(a) and (b). If, at a certain moment,

©@
Fig. 19.i2, An equivaient cireuit of an air-core transformer.

ehanging mutual flux induces an instantancous emf into the primary
winding with a polarity such that the dotted end of the winding is pasitive
with respect to the undotted end, then the same mutual flux change must
induce an instantancous emf into the sccondary winding with a polarity
such that the dotted end of the secondary winding is poesitive with respect
to the undotted end,

Although reversing ondary pola will reverse the current
through the exte cireuit, note that L in Fig. 19.12(b) still must flow
into the dot end of the secondary winding just as it does in Fig, ).
Hence, the primary circuit is not affected by any phase reversal we obtain
by reversing the secondary leads. In selecting the direction for these cur-
rent arrows, we must remember that the seme mutual flux (which is
produced by these currents) induces emf's into both primary and secondary
windings. So if we draw h poining inte the dot end of the primary wind-
ing, we must also draw Iy pointing into the dot end of the secondary
winding.

When we write the Kirchhoff’s voltage law (loop) equation for the
primary loop, there are three veltages which add up (vectorially) to equal
E.: an IR drop aeross the resistance of the primary eireuit, a self-induced
emf due to I flowing through the primary winding, and a mutually induced
emf due to I flowing in the secondary circuit. Figure 19.12(c) shows one
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Example 7: If the secondary winding of the transformer of Example 6 has
a self-nductance of 0.8 h, what is the coefficient of coupling between the
windings?

Solution:

One method for experimentally determining mutual inductanee is shown
in Fig. 19.11. We can measure the total inductance of the series-connected
coils on an inductance bridge. Con-
necting the windings as shown and -
checking by our hand rule, the flux ol ‘e
produced by the current in one winding
is in the same direction around the core
as the flux produced by the eurrent in
the other winding. This increases the
total flux, thus inereasing the emf in-
duced by a given alternating current;
thus inereasing the total inductance.
All the induced emf’s will be in phase.
There ars four indueced emf’s: the seli-
induced emf in the primary, the emf mutually induced in the primary by
eurrent in the secondary, the emf mutually induced in the secondary by
current in the primary and the self induced emf in the secondary.

s B =L, + oM + oM + wl)
from which Ly = L, + L, + 2M.

Tf, however, we reverse the leads to the secondary, the mutually in-
duced emf's in each eoil are 180° out of phase with the self-induced emf’s
resulting in

Fig. 19.11, Determining mutusl in-
duetance,

Lr = Ly + L, — 2M
Therefore, we can extend our original Equation (9.6) for two inductances
in series to include magnetic coupling between them.
v Lr=Ly+ Ly=2M (19.33)
The mutual inductance of the magnetically coupled coils in Fig. 19.11
will be one-quarter of the difference between the total inductance readings
with the coils eonnected series aiding and then series opposing.

6. Coupled Impedance
Before we set up the equivalent coupling network for 2 loosely coupled

transformer, we should note a useful practical advantage that transformer
coupling has over other forms of coupling networks. For a given direction
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R Vour
i3 To High
impedance
. Loat
Vin Zp z
Vout = e Wi

FiG. 2-4. Voltage division rule.

If Zp is a frequencydependent impedance, suchcapacitive
or inductive reactance, then Vout will also be treacy
dependent and the ratio of Vout to Vin, which ie tgain (or,
in this case, loss) of the circuit, will also besduency
dependent.
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2

‘out

Rs To High

5011 impadance
Load
Vin X I 25pF

(A) Simple dircuit

6 dB/octave

VoudVip dB)

Frequency

(B Response curve

FIG. 2-5. Frequency response of a simple RC (resistor-capacitor)

low-pass filter

As
Vour
X:I X
o %

KoL

FG.2-7. Resonant circuit with two reactive components.
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E, 40
M =1L, = - = Ld
And B, 5)(120 1.67Th
‘Writing Tquation (19.28) in terms of the instantaneous emf induced
into the secondary,
di,
e, = M 2 .
€, o (19.28)

And sinee we are concerned only with sine-wave primary currents,
ip = Insinwt and %‘ = wl cos wt
Henee, e = wM1I, cos wi (19.31)
Since the instantaneous emf in Equation (19.31) will be at its peak value
when eos wl = 1,
B = 2xfMT,,
from which X = }% = 2ufM (19.30)
(e

Combining Equations (18.1) and (19.28),

Né., _ MI,
it

But from Equation (19.27), &, = K@,
Ml = NK&, )

1f we now reverse the windings and use the original secondary winding
as the primary and vice versa, it follows that

MI,.. = N K&, 2)
Multiplying Equations (1) and (2),

- () ()

But from the definition of seli-inductance,

Substituting in Equation (3) gives
M = KVL,L, (19.32)
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5. Mutual Inductance

To develop an equivalent coupling network for an air-core transformer,
we require one parameter which is common to both primary and secondary
circuits. This parameter is the mutual inductance of the pair of coils.
Tn Chapter 9, we found that a coil has a self-inductance of one henry
when current in that coil changing at the rate of one ampere per second
induces a cemf of one volt in the eoil. Applying the same line of thought
10 the process of mutual induction, we can say that
A pair of magnetically-coupled coils has a mutual inductance of one
henry when current changing at the rate of one ampere per second
in one coil induces an average emf of one volt in the other coil.
The letter symbol for mutual inductance is M.
M,
== (19.28)

Therefore, by definition,

Since the instantaneous current must rise from zero to maximum in
one quarter of a cycle of a sine wave,

!
Mon _ spaq1,.,

B, = 1/4f
2
But B = 2. (11.13)
2
Therefore 2 B, = a1,
from which E. = 2afMI, (19.29)
Rearranging Equation (19.20) gives
IIL = 22fM = Xy (19.30)
»

where Xy 45 called the mutual reactance of the magnetically coupled
windings.

Example 6: 120 v, 60 ¢ is applied to the primary of a transformer whose
primary inductance is 5 h. The open-circuit secondary voltage is 40 v.
Neglecting losses, what is the mutual inductance between the two windings?

Solution:
E. = wMI,
E,
But, I, ==
. * = L,
M
Bo= B
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w
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FiG. 2-8. Frequency response of an LT (inductor—capaditor) resonant
circuit.

Notice, in Fig. 2-8, that as we near the resonaguency of
the tuned circuit, the slope of the resonance cinveases to
12 dB/octave. This is due to the fact that we nawehtwo
significant reactances present and each one igytigat the
rate of 6 dB/octave and sloping in opposite dieti

As we move away from resonance in either directimnyever,
the curve again settles to a 6-dB/octave slopeusecaagain,
only one reactance becomes significant.

Loaded Q

The Q of a resonant circuit was defined earliebéoequal to
the ratio of the center frequency of the circuitit® 3-dB
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bandwidth. This “circuit Q,”, is often given thabel loaded Q
because it describes the passband characterisfictheo
resonant circuit under actual in-circuit or loadszhditions.
The loaded Q of a resonant circuit is dependenin upoee
main factors.

1 The source resistance (Rs).

2 The load resistance (RL).

3 The component Q.

i - I
=) - l \ <]
B L N
5 15 — / \ .
2 -0 =
2 ,z’ 0=1224
S~ [ [ | i 1000-0hm urce

30 \ | L]

|
_35 2 ||
10 20 50 100 200 500 1000

Frequency (MHz)

FiG. 2-10. The effect of R and R, on loaded Q.

Raising the source impedance will increase the Qowf
resonant circuit.
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Mutual Inductance
From an unknown text
Pdf downloaded from BGU Lab 7 web page

http://www.ee.bgu.ac.il/~intrlab/lab_number_7/

http://www.ee.bgu.ac.il/~intrlab/lab_number_7/Mugsa0ind
uctance%?20and%20coupled%20RLC%20circuits. pdf
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If an external load were attached to the resonaatit the
effect would be to broaden or “de-Q” the responseeto a
degree that depends on the value of the load aesist

Rs

TET]

(A) Resanant circuit with an external load

L C s
F I P

(B) Equivalent circuit for Q calculations

FIG.2-11.  The equivalent parallel impedance atross a resanant circuit.

The resonant circuit sees an equivalent resistafic@s in

parallel with RL, as its true load. This total exta resistance
is, by definition, smaller in value than either &sRL, and the
loaded Q must decrease. If we put this observati@yuation
form, it becomes (assuming lossless components):

Q = Rp/Xp

This illustrates that a decrease in Rp will deceetae Q of the
resonant circuit and an increase in Rp will incecthe

circuit Q, and it also illustrates another very arfant point.
The same effect can be obtained by keeping Rp a@stnand
varying Xp.
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Q=1.1,f=14235 MHz Q=224,f=14235MHz

SOnH =25pF 3B/00 010

{A) Large inductor; (B) Smalf inductor,
small capacitor large capacitor

FG.2-12. Effectof Q vs. Xp at 142.35MHz

In most cases, we only need to involve the Q ofitector in
loaded-Q calculations. The Q of most capacitorguite high
over their useful frequency range, and the equitahunt
resistance they present to the circuit is alsoeguigh and can
usually be neglected. Care must be taken, howévesnsure
that this is indeed the case.

Impedance Transformation

Low values of source and load impedance tend t dogiven
resonant circuit down and, thus, tend to decrdasleaded Q
and increase its bandwidth. This makes it veryidaliff to

design a simple LC high-Q resonant circuit for between
two very low values of source and load resistance.

One method of getting around this potential depignblem is

to make use of one of the impedance transformimguits
shown in Fig. 2-18.
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dip much between the peaks and the response is twoshat
is ideally required. The bandwidth can be estimate®BW =
kfo, where k is the coefficient of coupling and i the
resonant frequency of each circuit.

Figure 3 shows an example of secondary circuitoesp Vc(f)
(voltage measured on capacitor) for different cimgpl
coefficients.
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Fig 3

(R =250 Ohm, C = 5 nF, L = 0.15 H, Vin =5V)
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inductance (Ze= Z1 + ®2M2-jwC ), and an inductance as a
capacitance (Ze Z1 +»2M2/ jolL ).

L Iq I 1,

Imlz

Coupled Circuits
Fig 2

At resonance, the reflected impedance is resiséind, acts to
lower the Q of the primary, and thereby to reduee dutput.
This is counteracted by the increased coupling, ciwhi
increases the output. The lower Q gives a wideshzasd. At
frequencies lower than exact resonance, the reflect
impedance is inductive, which adds to the induataofthe
primary and resonates at a lower frequency, produaipeak
in the output. At frequencies higher than exacomesce, the
reflected impedance is capacitive, which cancels pathe
inductance and causes the circuit to resonate higher
frequency, producing the other peak.

As the coupling is reduced, the response beconmgesi
peaked at critical coupling, and then decreasekeasoupling
is made even looser.

1

-

The critical coupling coefficient is given |, VA G
in terms of the Q's of the individual tuned cirsuit

Frequently it is assumed that optimum coupling e&dar k=
1.5kc. In this case, the response is double-pedigdjoes not
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Re

= 47.3pF
4 63.6nH

G :zsnepFI

© Equivalent circuit {D) Final circuit

FG. 2-18. Two methods used to perform an impedance transformation.

For the tapped- C transformer (Fig. 2-18A), uge the
formula:

R's =R's (1 + C1/ C2)"2

The equivalent capacitance (CT ) that will reste with the
inductor is equal to C1 in series with C2, or:

CT = C1C2/(C1 + C2)

For the tapped-L network of Fig. 2-18B, we ude
following formula:

R's =R's (1 + n/ n1)"2

Coupling of Resonant Circuits
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In many applications where steep passband skirdssamall
shape factors are needed, a single resonant aingiitt not be
sufficient. In situations such as this, individusdsonant
circuits are often coupled together to produce nattenuation
at certain frequencies than would normally be avéd with a
single resonator.

The coupling mechanism that is used is generallyseh
specifically for each application, as each typeadpling has
its own peculiar characteristics that must be dedth. The
most common forms of coupling are: capacitive, tile,
transformer (mutual), and active (transistor).

Capacitive Coupling

If capacitor C12 of Fig. 2-19 is too large, too mumupling
occurs and the frequency response broadens difystizeh
two response peaks in the filter's passband. lacipr C12 is
too small, not enough signal energy is passed fam
resonant circuit to the other and the insertios kcan increase
to an unacceptable level. The compromise solutihese
two extremes is the point of critical coupling, wéeve obtain
a reasonable bandwidth and the lowest possibletimsdoss
and, consequently, a maximum transfer of signalggow

R [

I

E—
|7

FIG. 2-19. Capacitive coupling
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Thus, the solution from which the frequency respocen be
obtained is:

i and T, = 7%

a —b° - a—b* (4)

I

Resonance occurs at the 2 frequencies given bfotlesving
equations:
1

(ofzi - -
e 1-M o1+t
L L

Here, the coupling coefficient k = M/L (for L1=L2).

5
and @) =

The behavior of the circuit can be understood tatalely on
the basis of the reflected impedance (or couplgzbdance).

A transformer (or inductively coupled circuit) iaigd to
“"reflect” impedance in the secondary into the primarcuit.
Consider the coupled circuits shown in Fig 2. Tlusitve
direction of the currents is chosen into the pgfamark on the
generator representing the induced voltages, s&itehhoff's
equations are

Z,0, + Zndr = Vi and Zpd + ZoI = 0. (see Eq.2)
ZM is the mutual impedancesM, Z1 includes the source

impedance, and Z2 the secondary load. These egsatiay
be solved for the equivalent primary impedance

Ze=Vihi=Z1- In/Zo. (from eqs. (2) and (4))

The reflected impedance is them2M2/Z2. Note that a
resistance is reflected as a resistance, a capegitas an
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The coupling constant is independent of the nurobaurns in
a coil. The number of turns in a coil determines thagnetic
field, which will be produced for a given currefihe coupling
constant is concerned with how the lines of magnftice
produced by one coil interact with another coild &rence the
coupling constant between two air spaced coils ngpenly
on their physical size and disposition in spaceidgeto obtain
the best coupling between primary and secondargnirair-
cored transformer we can only change the size padia$
relationships of the coils.

Kirchhoff's voltage law equations for the primarynda
secondary loops are given by

1
R+ jol+—— |- I, + jeM - I, =V,
{ J jc)(‘l 1+J 2 0

(@)
jf"lM'Il‘F[R‘f’jﬂi‘F;}‘Ig =0
Jjoc |~

(it is assumed that R1+RL1 = R2+RL2 =R and L1 =.L2)
We can write these egs. in the matrix form as fedlo

where, a = {R + oL +#} and b =joM.
JjoC

Following Cramer’s rule I, =% and I, = A, 5
v, o a7 .

where A; = LAy = .andA=a"-b"
0 a ~ b 0
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There are instances in which overcoupling or urmigping
might serve a useful purpose in a design, such &sloring a
specific frequency response that a critically cedpfilter
cannot provide.

In this section, we will only concern ourselves twiritical
coupling as it pertains to resonant circuit design.

The loaded Q of a critically coupled two-resonat@cuit is
approximately equal to 0.707 times the loaded @ref of its
resonators. Therefore, the 3-dB bandwidth of a tespnator
circuit is actually wider than that of one of iesonators. Thus,
the main purpose of the two-resonator passivelyleolfilter
is not to provide a narrower 3-dB bandwidth, buirtcrease
the steepness of the stopband skirts and, thuseach an
ultimate attenuation much faster than a singlenasw could.

=]

o

=l
T

-— Over Coupling

___-Cnitical Coupling
_~Under Coupling
18 dB/octave

Attenuation

6 dB/octave

Frequency

FIG. 2-20. The effects of varous values of capaditive coupling on
passhand response.
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Notice that even for the critically coupled cadee tesponse
curve is not symmetric around the center frequebay is
skewed somewhat. The lower frequency portion of the
response plummets down at the rate of 18-dB/octdiike the
upper slope decreases at only 6-dB/octave.

Below resonance, we have the circuit of Fig. 2-2ZAe
reactance of the two resonant-circuit capacitoig. @&19) has
increased, and the reactance of the two inducessiacreased
to the point that only the inductor is seen as @nslelement
and the capacitors can be ignored. This leave® treactive
components and each contributes 6-dB/octave toegponse.

2 R Ciz
12 s 3
f

15T
el ]

() Below resonance (B) Above resonance

Rs

L

2
<

i

FIG. 2-22.  Equivalent dircuit of capacitively coupled resonant circuits

Above resonance, the equivalent circuit approacties
configuration of Fig. 2-22B. Here the inductive cemce has
increased above the capacitive reactance to tim phiere the
inductive reactance can be ignored as a shunt eteit\@ now
have an arrangement of three capacitors that aiéégtlook
like a single shunt capacitor and yields a slop&-dB/octave.

Inductive Coupling
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Two inductively coupled RLC circuits
BenGurion University

http://www.ee.bgu.ac.il/~intrlab/lab_number_7/Twalisiuct
ively%20coupled%20RLC%20circuits.pdf

Two inductively coupled RLC circuits are shown iigiire 1.
Having 2 circuits gives 2 resonant frequencies whos
separation depends on the value of the mutual fadue M
(the ratio of the voltage in the secondary to tite of change
of primary current with time, and the unit is thenhy. This
has a reactance at the operating frequency Xsiviy:

The mutual inductance coupling between primary and
secondary can be related to their self-inductancenbans of
the coupling constant k:

VJLL L

Notice, that since k is defining the relationshiptvieen
magnetic flux linkages in the circuit, it can ne\sr greater
than 1. A value of 1 means that all the flux praetibdy the
primary is linked with the secondary and vice versaalue of
k greater than 1 would mean that more than allhef flux
produced by the primary is linked with the secogdar
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control and high Q are essential to good respons® a
selectivity.

If the primary circuit is made to resonate at afedént

frequency from the secondary, audio response ishnuarse,

and considerable distortion is likely. Moreovee tiesponse at
mean frequency is less than it would be if theudiscwere

properly tuned. Air-core transformers are usuallyadm
adjustable for tuning and coupling.
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Two types of inductively coupled resonant circuite shown
in Fig. 2-23. One type (Fig. 2-23A) uses a serighictor or
coil to transfer energy from the first resonatothe next, and
the other type (Fig. 2-23B) uses transformer cogpfor the
same purpose.

L
o 1111

S

(A} Series inductor

Magnetic Coupling

(B) Transformer

FG. 2-23. Inductive coupling
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0dB [~
Over Coupling
5| sdeocave - Critical Coupling
% /Underf:ouphng
z
18 dB/octave
Fraquency
(&) Inductive coupling
Over Coupling
S . Critical Coupling
% - Under Coupling
z

Frequancy

(B} Transformer coupiing

FIG. 2-24. The effects of various values of inductive coupling on
passband response.

2

different values of coupling. If the value of comgl is such
that

Xar = VR(Rs

we obtain a condition similar to that of equatid8;Lin which
the maximum power or current is produced in theosdary
circuit. Maximum current through condenser C2 gives
maximum voltage E2. This value of coupling is knoasthe
critical value. Smaller coefficient of coupling g a smaller
maximum value of E2. Greater coefficient of cougliresults

in a "double hump" as shown in Fig. 173.

lm>¥R Rz
wlm=¥RR;

wlm<VRiRz

- +
CYCLES OFF RESONANGE
Fig. 173. Response curves for circuit of Fig. 172.

The heights of resonant peaks and frequency distbetwveen
peaks depend upon circuit Q and coefficient of dinggk. The
double hump curve of Fig. 173 is desirable becausth
modulated waves, frequencies in adjacent channets a
rejected; yet very little attenuation is offered &udio
frequencies which effectively add or subtract frdre carrier
frequency normally corresponding to resonance. &Ctasing
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P2 Ln
" VILiL, \/( L.)2
4 —
2
_ 1
T 1+ (Lo/2L)

[104a]

If Lm >>Ls

Equations 104 (a) and (b) are useful in estimaaipgroximate
transformer band width.

A tuned air-core transformer often used in receiisrshown
in Fig. 172.

1z Lm Ip
—_— — —_—
I.l_l
c c
E 1 2 E
I rﬁ H
Ry Rz

Fig. 172. Tuned air-core transformer.

Here a sinusoidal voltage E1 may be impressed @ptimary
circuit by a vacuum tube amplifier. ResistancesaRd R2 are
usually the inevitable resistance of coils, but asimnally
resistance is added to change the circuit respditigevalue of
voltage E2 obtained from this circuit depends anithpressed
frequency; in Fig. 173 it is shown for resonancettaee
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(B) Above resonance

AG. 2-25
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Equivalent circuit of inductively coupled resonant circuits.
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states that the mutual reactance XM is the geometgan
between the two values of resistance.

The ratio of mutual inductance to the geometric metithe
primary and secondary self-inductances is the @ogipl
coefficient:

k=L,/V(LiLs) [104]

The value of k is never greater than unity, eveemtoils are
interleaved to the maximum possible extent. Vahfes down
to 0.01 or lower are common at high frequencies.

Coupling coefficient is related to untuned transfer open-
and short-circuit reactance by means of the tramsfo
equivalent circuit shown in Fig. 107(a), p. 147.sAse that
the transformer has a 1:1 ratio, and leakage iadicet is
equally divided between primary and secondary wigsli
Then if L1 and L2 are the self-inductances of prinand
secondary, respectively, Ls is the total leakagdudtance
(measured in the primary with secondary short-diect), and
Lm the mutual inductance,

X Xy L,
By AN B

2mf 2

Xs+ Xy Ly
Ly="""" =247,
2 27 2 + L

From equation 104,
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0 = ZoIs + jol Ty (101]

whereo = 2z times operating frequency, and Lm is the mutual
inductance between the primary and secondary coils.

From equation 101 we see that the voltage in ticerskary
coil is numerically equal taLml1, the product of primary
current and mutual reactance at the frequency qfiieap
voltage E1. The equivalent impedance of the cirofiifig.

171 when referred to the primary side is given by

"=Z; + (XpP/Z32)
[102]

where X1 = J® Lo

In the above formulas, the impedances Z1, 72, ahar&
complex quantities whose real and imaginary teregedd
upon the values of resistance, inductance, andcitapee in
the circuit. One common practical case arises wtten
primary resistance is zero, or virtually zero, #mel secondary
coil is tuned to resonance so that Z2 is a puristeexe R2.
Under these conditions, equation 102 reduces to

"= X2 SR [103]
where R' is the equivalent resistance in the pymar
Equation 103 gives the value of mutual inductamcpiired for

coupling a resistance R2 so that it will appeae ligsistance R'
with a maximum power transfer between the two cailsd
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RESONANCE
Tony R. Kuphaldt
http://www.allaboutcircuits.com/vol_2/chpt_6/1.html

6.1 An electric pendulum

Capacitors store energy in the form of an eledigtd, and
electrically manifest that stored energy as a p@tkrstatic
voltage. Inductors store energy in the form of ayneaic field,
and electrically manifest that stored energy amatic motion

of electrons: current. Capacitors and inductorflgresides of

the same reactive coin, storing and releasing gnémg
complementary modes. When these two types of reacti
components are directly connected together, their
complementary tendencies to store energy will pcedan
unusual result.

If either the capacitor or inductor starts out inharged state,
the two components will exchange energy betweem tiack

and forth, creating their own AC voltage and curreytles. If

we assume that both components are subjected talders
application of voltage (say, from a momentarily eected

battery), the capacitor will very quickly charge dathe

inductor will oppose change in current, leaving ¢apacitor in

the charged state and the inductor in the dischasjate:

(Figure 6.1)

The capacitor will begin to discharge, its voltaigereasing.
Meanwhile, the inductor will begin to build up aharge” in
the form of a magnetic field as current increasethé circuit:
(Figure 6.2)
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Baﬂelal momentarily
connected to start the Sycle 8= —— &

?

'Lt
I
AL
=l
=]
]

capacitor charged: voltage at {+) peak
inductor discharged: zero current

Figure 6.1: Capacitor charged: voltage at (+) peadtuctor
discharged: zero current.

Time —=

capacitor discharging: voltage decreasing
inductor charging: current increasing

Figure 6.2: Capacitor discharging: voltage decregdinductor
charging: current increasing. The inductor, stilbing, will
keep electrons flowing in the circuit until the eafior hasbeen
completely discharged, leaving zero voltage aciog§igure
6.3)
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Air-Core Transformers
Reuben Lee

http://www.vias.org/eltransformers/lee_electroniansformer
s_07b_22.html

Air-Core Transformers

Transformers considered hitherto have had iron erité
cores. A class of transformers is widely used idiaa
frequency circuits without cores or with small sugf
powdered iron. In a transformer with an iron cdhe, exciting
current required for inducing the secondary voltega small
percentage of the load component of current. Iraiatore
transformer all the current is exciting current a@nduces a
secondary voltage proportional to the mutual indoce.

Fig. 171. General case of inductive coupling.

Consider the circuit of Fig. 171 in which Z1 is qolex and
includes the self-inductance of the primary coilkewise,
secondary impedance Z2 is complex and includesséie
inductance of the secondary coil. With a sinusoidzitage
applied, Kirchhoff's laws give the following:

Ey = ZuIy + jolL,T; (100]
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F.E. Terman, Radio Engineers' Handbook" London,
McGraw-Hill, 1st ed., Sep. 1950. P.71

http://www.itermoionici.it/letteratura_files/Radingineers-
Handbook.pdf

Coaixial Solenoids not Concentric

v
b
—

L U
TFie. 42.~—Coaxial solenoids not con-
centrio.

16. Mutual Inductance hetween Single-layer Solenolds. Coawial Coils Not Con-
centric—When the configuration is as shown in Fig. 42, the mutual inductance is
given by

M = 0.02505

245
T (B ks + Kska + Kols) microhenrys (85)
where @ = gmaller radius, measured from the axis of the coil to the center of the
wire, in.
A = larger radius, measured in the same way, in.
20 = length of coil of smaller radius = number of turns times pitch of winding,
in.
= length of coil of larger radius, messured in the same way, in.
n and 72 = total number of turns on the two coils.

,,4
D = axial dmctmce between centers of coils, in.
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Time —=

capacitor fully discharged: zero voltage
inductor fully charged: maximum current

Figure 6.3: Capacitor fully discharged: zero vodtagductor
fully charged: maximum current. The inductor wilkimtain
current flow even with no voltage applied. In fadt,will

generate a voltage (like a battery) in order topkeerrent in
the same direction. The capacitor, being the rentpof this
current, will begin to accumulate a charge in thepasite
polarity as before: (Figure 6.4)

When the inductor is finally depleted of its energgerve and
the electrons come to a halt, the capacitor willeheeached
full (voltage) charge in the opposite polarity asew it started:
(Figure 6.5) Now we're at a condition very simikar where
we started: the capacitor at full charge and zerceat in the
circuit. The capacitor, as before, will begin tosatiarge
through the inductor, causing an increase in ctr@nthe

opposite direction as before) and a decrease iag®las it
depletes its own energy reserve: (Figure 6.6)

Eventually the capacitor will discharge to zerotspleaving
the inductor fully charged with
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Time —=

capacitor charging: voltage increasing (in opposite polarity)
inductor discharging: current decreasing

Figure 6.4: Capacitor charging: voltage increagingpopposite
polarity), inductor discharging: current decreasing

e= —

Time —=

capacitor fully charged: voltage at (-) peak
inductor fully discharged: zero current

Figure 6.5: Capacitor fully charged: voltage at pgak,
inductor fully discharged: zero current.

Time —=

capacitor discharging: voliage decreasing
inductor charging: current increasing
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Mutual Inductance, u: 703 i
1333 ]
e i

When the coils can not rotate but only move aldmjrtaxis
(coaxial coils), assuming a distance D betweentWe coils
centres, we have:

" 104 -

27 -

The total inductance value for this case is conpaissuming
a positive mutual inductance (coils not rotated®1.80

References:

[1] R. Lundin, "A Handbook Formula for the Induastz of

a Single-Layer Circular Coil," Proc. IEEE, vol.
73, no. 9, pp. 1428-1429, Sep. 1985.

[2] F.E. Terman, "Radio Engineers' Handbook," Lamd
McGraw-Hill, 1st ed., Sep. 1950.
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rotating a coil 180° gives a variation of the tdtaluctance of
4Lm.

Two coaxial coils If the two coaxial coils are madvalong
their axis instead (D<>0), the mutual inductancereaes,
eventually reaching zero at infinity, but does do&nge sign.
This means that there is less variation in thel iotiuctance
just moving the coils with respect to rotating them

The form below computes the main parameters fortie
types of variometer described above. The self-itahges are
calculated using the formulas in [1], while the malt
inductances use the formulas from [2], with somenami
corrections.

These formulas agree very well with the resultssofme
electromagnetic simulations | have done, see thge far
details.

COILS DATA
Outer Coll Inner Coll

s a2z 033 B
125 024 =
520 57

Centres Distance, D i 10 B

Calculate
CALCULATED VALUES

Tnductance, T1 : 142 e
Inductance, L2 : 896 e

In a typical variometer the two coils are concenfiie. D=0)
and the overall inductance is varied rotating tieer coil; in
this case we have:
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Figure 6.6: Capacitor discharging: voltage decregsnductor
charging: current increasing. full current throuigh

(Figure 6.7)

Time —=

capacitor fully discharged: zero voltage
inductor fully charged: current at (-) peak

Figure 6.7: Capacitor fully discharged: zero vodtagductor
fully charged: current at (-) peak.

The inductor, desiring tomaintain current in theealirection,
will act like a source again, generating a voltiie a battery
to continue the flow. In doing so, the capacitoll Wwegin to
charge up and the current will decrease in mageit(igure
6.8)

Time —=

capacitor charging: voltage increasing
inductor discharging: current decreasing

Figure 6.8: Capacitor charging: voltage increasimgiuctor
discharging: current decreasing.
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Eventually the capacitor will become fully chargagain as
the inductor expends all of its energy reservesngryto
maintain current. The voltage will once again bésapositive
peak and the current at zero. This completes olheyfcle of
the energy exchange between the capacitor and toduc
(Figure 6.9)

o= —

-

capacitor fully charged: voltage at (+) peak
inductor fully discharged: zero current

i | B

Figure 6.9: Capacitor fully charged: voltage at (ggak,
inductor fully discharged: zero current.

This oscillation will continue with steadily decsiag
amplitude due to power losses from stray resistancethe
circuit, until the process stops altogether. Ovetiails behavior
is akin to that of a pendulum: as the pendulum nsasags
back and forth, there is a transformation of eneeadng place
from kinetic (motion) to potential (height), in arslar fashion
to the way energy is transferred in the capacitduttor
circuit back and forth in the alternating forms cifrrent
(kinetic motion of electrons) and voltage (potengdectric
energy).

At the peak height of each swing of a pendulum, riress
briefly stops and switches directions. It is atstpoint that
potential energy (height) is at a maximum and kinehergy
(motion) is at zero. As the mass swings back therotvay, it
passes quickly through a point where the stringated
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Variometer Design
Claudio Girardi

http://www.qgsl.net/in3otd/variodes.html
Variometer Design

A variometer consists usually of two coaxial codsnnected
in series, where the coils relative position canvaeed in

some way. If L1 and L2 are the self-inductanceshef first

and second coil and Lm is the mutual inductancevéen the
two, the total inductance can be written as LtotdlA+2L. m.

The mutual inductance is defined as the flux linkedthe

turns of an inductance when the other carries & awnrent;
this of course depends not only on the coil leragtth diameter
but also on their relative position.

For two coaxial coils, like the ones in the pictuttee mutual
inductance is at maximum when they are also coricahti.e.

D=0.

If the two concentrical coils are rotated, so thetir axes are
not parallel any more,

. 1
the mutual inductance

12

decreases, reaching
zero (almost) when QDO QOO0
the angle is 90°. - ]

Continuing the 2000 .. Q6
rotation beyond 90° e
the mutual inductance .
increases again, but Lo e
this time with the —O00| | ouY
'—?OOO R OOOO1
n

opposite  sign.  So,
according to the
above formula,
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straight down. At this point, potential energy (i) is at zero
and kinetic energy (motion) is at maximum. Like teuit, a
pendulum’s back-and-forth oscillation will continueith a
steadily dampened amplitude, the result of air tifit
(resistance) dissipating energy. Also like the uifrc the
pendulum’s position and velocity measurements tracesine
waves (90 degrees out of phase) over time: (FigLire)

maximum potential energy,
zero kinetic energy

mass

—

zero potential eneray,
maximum kinetic energy

potential energy = ——
kinefic energy = ----

Figure 6.10: Pendelum transfers energy betweertikiaad
potential energy as it swings low to high.

In physics, this kind of natural sine-wave oscitlat for a
mechanical system is called Simple Harmonic Mofjoften
abbreviated as “SHM”). The same underlying prirespl
govern both the oscillation of a capacitor/induatecuit and
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the action of a pendulum, hence the similarityffeat. It is an
interesting property of any pendulum that its paidatime is
governed by the length of the string holding thessnand not
the weight of the mass itself. That is why a penduWill keep
swinging at the same frequency as the oscillatiEtsease in
amplitude. The oscillation rate is independenthefamount of
energy stored in it.

The same is true for the capacitor/inductor citclite rate of
oscillation is strictly dependent on the sizes e tapacitor
and inductor, not on the amount of voltage (orenty at each
respective peak in the waves. The ability for saatircuit to
store energy in the form of oscillating voltage annrent has
earned it the name tank circuit. Its property ofint@ning a
single, natural frequency regardless of how muchlitde
energy is actually being stored in it gives it spksignificance
in electric circuit design.

However, this tendency to oscillate, or resonate, particular
frequency is not limited to circuits exclusively sifgned for
that purpose. In fact, nearly any AC circuit witc@mbination

of capacitance and inductance (commonly called BE@

circuit”) will tend to manifest unusual effects whehe AC
power source frequency approaches that naturalidrezy.
This is true regardless of the circuit’s intendedpose.

If the power supply frequency for a circuit exaathatches the
natural frequency of the circuit's LC combinatidine circuit is
said to be in a state of resonance. The unusuetteffwill
reach maximum in this condition of resonance. R teason,
we need to be able to predict what the resonaquénecy will
be for various combinations of L and C, and be avedrwhat
the effects of resonance are.
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(Note how L is independent of the cuiren)
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be turned into an equation by introducing a corist@all this
constantl, the self-inductance (or simplyinductance) of the
coil:

N =LI orL=NI—(D

As with mutual inductance, the unit of self-induata is the
henry.

The self-induced emf can now be calculated usingdeay’'s
law:

E:_N@:_A(Nm) __A(L) A
At At At At

E= —Lﬁ
At

The above formula is thamf due to self-induction.
Example

Find the formula for the self-inductance of a soldnof N
turns, length, and cross-sectional aréa

Assume that the solenoid carries a curteifihen the magnetic
flux in the solenoid is
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* REVIEW:

« A capacitor and inductor directly connected tbgetform
something called a tank circuit, which oscillates fesonates)
at one particular frequency. At that frequency, rgpeis
alternately shuffled between the capacitor andirtitlactor in
the form of alternating voltage and current 90 degrout of
phase with each other.

« When the power supply frequency for an AC cir@xgactly
matches that circuit's natural oscillation frequeras set by
the L and C components, a condition of resonandiehaie
been reached.

6.2 Simple parallel (tank circuit) resonance

A condition of resonance will be experienced iraaktcircuit

(Figure 6.11) when the reactance of the capacitdriductor

are equal to each other. Because inductive reaztacceases
with increasing frequency and capacitive reactaimaeases

with increasing frequency, there will only be omeguency
where these two reactances will be equal.

) 3 100 mH

Figure 6.11: Simple parallel resonant circuit (taikuit).

In the above circuit, we have a 16 capacitor and a 100 mH
inductor. Since we know the equations for detemgjnihe
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reactance of each at a given frequency, and weakirlg for
that point where the two reactances are equaldo ether, we
can set the two reactance formulae equal to edoér @nd
solve for frequency algebraically:

1
2xfC
. setting the two equal to each other, reptésgna
condition of equal reactance (resonance) . . .

X, =2nil. Xe=

1
2nfC

Multiplying both sides by f eliminates the f term the
denominator of the fraction . . .

2nfl =

anfL= "1(_'
LT

Dividing both sides by 2pL leaves f2 by itself dwe tleft-hand
side of the equation . . .

1
2n2nlC

Taking the square root of both sides of the equdéeaves f by
itself on the left side . . .

= V1
2n2nlC
... simplifying . . .
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The apparatus used in Experiment EM-11B consistswof
coaxial solenoids. A solenoid is essentially jusid of wire.
For a long, tightly-wound solenoid of turns per unit length
carrying currentl the magnetic field over its cross-section is

nearly constant and given ff§ = uonl . Assume that the

two solenoids have the same cross-sectional Areféind a
formula for the mutual inductance of the solenoids.

The magnetic flux in the primary coil is

D, = uD¥A wherel, is the length of the primary coil.
1

- N2®2 - . - szz - NZ Nl/rl

=—2-2% But®,=®,: M ———Tuo

Iy 1 1 I

M

A;

(Note how M is independent of the cutrgn)

Self-Inductance

A current-carrying coil produces a magnetic fiehdttlinks its
own turns. If the current in the coil changes timeoant of
magnetic flux linking the coil changes and, by Eangs law,
an emf is produced in the coil. This emf is cathess!f-induced
emf.

Let the coil haveN turns. Assume that the same amount of
magnetic flux® links each turn of the coil. The net flux
linking the coil is therN®. This net flux is proportional to the
magnetic field, which, in turn, is proportional tiee current

in the coil. Thus we can wrife® [J |. This proportionality can
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Let the primary coil hava|; turns and the secondary coil have
N, turns. Assume that the same amount of magnetic dip
from the primary coil links each turn of the secarydcoil.
The net flux linking the secondary coil is thipd,. This net
flux is proportional to the magnetic field, whicim turn, is
proportional to the curreng in the primary coil. Thus we can
write N,®, O ;. This proportionality can be turned into an
equation by introducing a constant. Call this cansM, the
mutual inductance of the two coils:

N,®,

1

N,®,=MI, or M =
i of i Wb
the unit of inductance ISX - henry (H) named after

Joseph Henry.
The emf induced in the secondary coil may now beutzted
using Faraday's law:

N AD, :_A(dehz) _A(Mll):_M

At At At At

E:

Al
=-M =1
; At

The above formula is themf due to mutual induction.

Example
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o,

So there we have it: a formula to tell us the respfrequency
of a tank circuit, given the values of inductantgiq Henrys
and capacitance (C) in Farads. Plugging in theegtf L and
C in our example circuit, we arrive at a resonaetjfiency of
159.155 Hz.

What happens at resonance is quite interestind Wdipacitive
and inductive reactances equal to each other, thel t
impedance increases to infinity, meaning that # tcircuit
draws no current from the AC power source! We coutate
the individual impedances of the 10F capacitor and the
100mH inductor and work through the parallel impezsa
formula to demonstrate this mathematically:

X; =2nfL
Xp = (2)(M)(159.155 Hz)(100 mE)

X% =100Q
Xe=_L

¢~ onfic
Xo= !

“@)(m)(159.155 HZ)(10 F)
Xc=100Q

As you might have guessed, | chose these compoaérgs to
give resonance impedances that were easy to wahk (200
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even). Now, we use the parallel impedance formolesde
what happens to total Z:

1
Zpaallel = 1

.
. Zc

Zpaallel = I N 1
100 Q £ 90° 100 2 £ -90°

1
Gyl = T 50° = 0,01 Z90°

1 )
Zparallel = e Undefined!

We can't divide any number by zero and arrive atezningful
result, but we can say that the result approachealwe of
infinity as the two parallel impedances get cldseeach other.
What this means in practical terms is that, thel timpedance
of a tank circuit is infinite (behaving as an opercuit) at

resonance. We can plot the consequences of thisaowede

power supply frequency range with a short SPICHIkition:

(Figure 6.12)

The 1 pico-ohm (1 p) resistor is placed in thisGPlnalysis
to overcome a limitation of SPICE: namely, thatcé#nnot
analyze a circuit containing a direct inductor-agke source
loop. (Figure 6.12) A very low resistance value whesen so
as to have minimal effect on circuit behavior.
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Mutual Inductance

Dr. David F. Cattell
faculty.ccp.edu/faculty/dcattell/Sp12/.../Mutual%h@ductance
.doc

Changing
magnetc field
lines produced
by primary coil

&
Primary cond 'ry e 9
coil coil -

Suppose we hook up an AC generator to a solenoiblasdhe
wire in the solenoid carries AC. Call this solentié primary

coil. Next place a second solenoid connected to an AC

voltmeter near the primary coil so that it is cadxvith the
primary coil. Call this second solenoid tseeondary coil. See
the figure at the right.

The alternating current in the primary coil producan
alternating magnetic field whose lines of fluink the
secondary coil (like thread passing through the efea
needle). Hence the secondary coil encloseshanging
magnetic field. By Faraday's law of induction tlukanging
magnetic flux induces an emf in the secondary ddils effect
in which changing current in one circuit induces emf in
another circuit is callechutual induction.
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the resulting mutual inductance will be equal te geometric
mean of the two individual inductances of the coils

Also when the inductances of the two coils areghme and
equal, L 1 is equal to L 2, the mutual inductanicat texists
between the two coils will equal the value of oimgke coil as
the square root of two equal values is the samenassingle
value as shown.

M=/LL,=L
Mutual Inductance Example Nol

Two inductors whose self-inductances are givenSasH and
55mH respectively, are positioned next to each rothe a
common magnetic core so that 75% of the lineswf ftom
the first coil are cutting the second coil. Caltelghe total
mutual inductance that exists between the two .coils

M=k Lle

M = 075 /75mH x 55mH = 48.2mH

Mutual Inductance Example No2

When two coils having inductances of 5H and 4H eetpely
were wound uniformly onto a non-magnetic core, asviound

that their mutual inductance was 1.5H. Calculatedbupling
coefficient that exists between.

M 15
=M - 15 0335 =335%
LI, Vi 0
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This SPICE simulation plots circuit current ovefrequency
range of 100 to 200 Hz in twenty even steps (1@D200 Hz
inclusive). Current magnitude on the graph incredisem

freq i(v1) 3.162E-04  1.000E-03  3.162E-03 1.0E-02

. 158E402
.211E+02
.263E+02
.316E402
.368E402
.421E+402
.474E+02

1

1

1

1

1

1

1

1 y "
1 271E-03 . : . *
1

1.526E+02

1

1

1

1

1

1

1

1

2

540E-03 . E . B
373E-04 . . .

SS0E-04 . * E

969E-04 . x * 2

132E-03 . . ¥

749E-03 . . . N

350E-03 . : . o
934E-03 . E . N
.505E-03 . . . e
063E-03 . E 2 -
4.600E-03 . x . i *

.579E+02

tank circuit frequency sweep
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vli10ac1lsin

c11010u

* rbogus is necessary to eliminate a
direct loop

* between vl and 11, which SPICE can't
handle

rbogus 1 2 1e-12

112 0100m

.ac lin 20 100 200

.plot ac i(v1)

.end

left to right, while frequency increases from topbbttom. The
current in this circuit takes a sharp dip around #malysis
point of 157.9 Hz, which is the closest analysisnpto our
predicted resonance frequency of 159.155 Hz.dt this point
that total current from the power source falls ¢ooz

The plot above is produced fromthe above spicaiitifie (
*.cir), the command (.plot) in the last line prothg the text
plot on any printer or terminal. A better lookindotp is
produced by the “nutmeg” graphical post-processart of the
spice package. The above spice ( *.cir) does nptire the
plot (.plot) command, though it does no harm. Tokoiving
commands produce the plot below: (Figure 6.13)

spice -b -r resonant.raw resonant.cir

( -b batch mode, -r raw file, input is
resonant.cir)

nutmeg resonant.raw

From the nutmeg prompt:

>setplot acl (setplot {enter} for list of
plots)

>display (for list of signals)

>plot mag(v1#branch)
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However, the above equation assumes zero flux deakad
100% magnetic coupling between the two coils, Lndl & 2.
In reality there will always be some loss due takége and
position, so the magnetic coupling between the ¢wits can
never reach or exceed 100%, but can become vesy tiothis
value in some special inductive coils.

If some of the total magnetic flux links with thed coils, this
amount of flux linkage can be defined as a fractiéthe total
possible flux linkage between the coils. This fracal value is
called the coefficient of coupling and is given tager k.

Coupling Coefficient

Generally, the amount of inductive coupling thatisex
between the two coils is expressed as a fractionahber
between 0 and 1 instead of a percentage (%) vatbere 0
indicates zero or no inductive coupling, and 1 ¢atihg full or
maximum inductive coupling.

In other words, if k = 1 the two coils are perfgatbupled, if k
> 0.5 the two coils are said to be tightly coupden if k < 0.5
the two coils are said to be loosely coupled. Ttenequation
above which assumes a perfect coupling can be ieddid
take into account this coefficient of coupling,ridds given as:

Coupling Factor Between Coils
M

LL, , M=kTT,

When the coefficient of coupling, k is equal to(dnity) such
that all the lines of flux of one coil cuts all tife turns of the
second coil, that is the two coils are tightly cteaptogether,

k=
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Likewise, the flux linking coil one, L1 when a cent flows
around coil two, L2 is exactly the same as the finking coil

two when the same current flows around coil onevabthen
the mutual inductance of coil one with respect @if two is

defined as M21. This mutual inductance is truespeetive of
the size, number of turns, relative position oeptation of the
two coils. Because of this, we can write the mutndiictance
between the two coils as: M12 = M21 = M.

Then we can see that self inductance characteisésductor
as a single circuit element, while mutual induceasgnifies
some form of magnetic coupling between two industor
coils, depending on their distance and arrangemant,
hopefully we remember from our tutorials on Elentegnets
that the self inductance of each individual cotjiigen as:

- uo“'erA L. = Pol»eriA
' 4 and * 4

By cross-multiplying the two equations above, thetual
inductance, M that exists between the two coils d¢@n
expressed in terms of the self inductance of eaéh ¢

2 _
M*=LL,

L

giving us a final and more common expression fer rifutual
inductance between the two coils of:

M= /LT, H

Mutual Inductance Between Coils
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(magnitude of complex current vector
vi1#branch)

Incidentally, the graph output produced by this GPI
computer analysis is more generally known as a Bude
Such graphs plot amplitude or phase shift on orise ard
frequency on the other. The steepness of a Bodecplwve
characterizes a circuit’s “frequency response,” low
sensitive it is to changes in frequency.

* REVIEW:

« Resonance occurs when capacitive and inductizetaaces
are equal to each other.

« For a tank circuit with no resistance (R), resarfeequency
can be calculated with the following formula:

1
fosonat =
T anA/Le

« The total impedance of a parallel LC circuit apmhes
infinity as the power supply frequency approacks®nance.
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mA — mag(vi#branch)
10.0
5.0
0.0 -
100.0 150.0 200.0
frequency Hz

Figure 6.13: Nutmeg produces plot of current I(fdk)parallel
resonant circuit.

« A Bode plot is a graph plotting waveform amplieuk phase
on one axis and frequency on the other.

6.3 Simple series resonance

A similar effect happens in series inductive/capeeicircuits.

(Figure 6.14) When a state of resonance is rea(tesshcitive

and inductive reactances equal), the two impedaneesel
each other out and the total impedance drops td zer
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wound one on top of the other over a common soft gore
unity coupling is said to exist between them as lasges due
to the leakage of flux will be extremely small. ih@ssuming
a perfect flux linkage between the two coils the tual
inductance that exists between them can be given as

Where:
* Mo is the permeability of free spacer(40-7)

« uris the relative permeability of the soft ircore

* Nis in the number of coil turns

* Ais inthe cross-sectional area in m2

« |is the coils length in meters

Mutual Induction
‘ N-turns ‘ | N-turns |

Cross Sectional
Area (A)

Spacing. (S)

Here the current flowing in coil one, L1 sets upnagnetic
field around itself with some of these magnetiddfidines
passing through coil two, L2 giving us mutual intance. Coil
one has a current of I1 and N1 turns while, coi thas N2
turns. Therefore, the mutual inductance, M12 of teo that
exists with respect to coil one depends on thesitjpm with
respect to each other and is given as:
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coil turns of the second coil inducing a relativieyge emf and
therefore producing a large mutual inductance value

Likewise, if the two coils are farther apart fromce other or
at different angles, the amount of induced magrfétic from
the first coil into the second will be weaker proiig a much
smaller induced emf and therefore a much smalletuaiu
inductance value. So the effect of mutual inductaiscvery
much dependant upon the relative positions or sga¢iS ) of
the two coils and this is demonstrated below.

Mutual Inductance between Coils

Mutually Coupled

Coils

O
Lz
-—
Short Distance Lines of
- Magneim Flux
—0
‘ 4 -
| D <
—o

Lar e Distan ce
The mutual inductance that exists between the wile can be
greatly increased by positioning them on a comnufh ison

core or by increasing the number of turns of eitbeit as
would be found in a transformer. If the two coile dightly
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10 uF

100 mH

Figure 6.14: Simple series resonant circuit.
At 159185 Hz:

Z;=0+3100Q Zc=0-7100 Q2
Zoeries =71+ Z¢
Z ories = (0 + 3100 £2) + (0 - 100 £2)

Zoies =00

With the total series impedance equal to O at geomant
frequency of 159.155 Hz, the result is a shortuiracross the
AC power source at resonance. In the circuit drabwve, this
would not be good. I'll add a small resistor (Figu6.15) in
series along with the capacitor and the inductokeep the
maximum circuit current somewhat limited, and perfo
another SPICE analysis over the same range of drexes:
(Figure 6.16)
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Figure 6.15: Series resonant circuit suitable ICE.

series Ic circuit
vl10aclsin
ri121
c12310u
1130100m

.ac lin 20 100 200
.plot ac i(v1)

.end

As before, circuit current amplitude increases froottom to

top, while frequency increases from left to rigitigure 6.16)

The peak is still seen to be at the plotted frequeppint of

157.9 Hz, the closest analyzed point to our predicesonance
point of 159.155 Hz. This would suggest that oworant

frequency formula holds as true for simple seri€sdircuits

as it does for simple parallel LC circuits, whistthe case:
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Mutual Inductance of Two Coils

Wayne Storr
http://www.electronics-tutorials.ws/inductor/mutual
inductance.html

Mutual Inductance of Two Coils

In the previous tutorial we saw that an inductoneyates an
induced emf within itself as a result of the chaiggmagnetic
field around its own turns, and when this emf iduiced in the
same circuit in which the current is changing teffect is

called Self-induction, ( L ). However, when the eminduced
into an adjacent coil situated within the same reégrfield,

the emf is said to be induced magnetically, inddyi or by
Mutual induction, symbol ( M ). Then when two or reaoils

are magnetically linked together by a common magrfiix

they are said to have the property of Mutual Indoce.

Mutual Inductance is the basic operating principaf
transformers, motors, generators and any othertriekeic
component that interacts with another magnetid fiehen we
can define mutual induction as the current flowingne coil
induces an emf in an adjacent coil. But mutual @tdoce can
also be a bad thing as "stray" or "leakage" inchaxtafrom a
coil can interfere with the operation of anotherjaadnt
component by means of electromagnetic inductionssme
form of electrical screening to a ground potentisdy be
required.

The amount of mutual inductance that links one wo#nother
depends very much on the relative positioning efttho coils.
If one coil is positioned next to the other coil 8wt their
physical distance apart is small, then nearly geaitl of the
magnetic flux generated by the first coil will inaet with the
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a frequency point where their two reactive compomeancel
each other out influencing the characteristics b tircuit.
Both circuits have a resonant frequency point.

The difference this time however, is that a pata#isonance
circuit is influenced by the currents flowing thgiu each
parallel branch within the parallel LC tank circuA tank
circuit is a parallel combination of L and C thatused in filter
networks to either select or reject AC frequencigsnsider
the parallel RLC circuit below.
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mA — mag(vi#branch)
B0, 0 gorerersemisemsesimssesssssenes
AOBIE BT
DOOLQ Fermsereniasansaissmsealasissaiasd
0.0
100.0 150.0 200,0

frequency Hz

Figure 6.16: Series resonant circuit plot of curiér).

1

£ -
O oraJ1e

A word of caution is in order with series LC resphaircuits:
because of the high currents which may be preseatseries
LC circuit at resonance, it is possible to proddeagerously
high voltage drops across the capacitor and thactod, as
each component possesses significant impedanceawedit
the SPICE netlist in the above example to includeloa of
voltage across the capacitor and inductor to detrateswhat
happens: (Figure 6.17)

series Ic circuit

vl10aclsin
r1121
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c12310u

1130100m

.ac lin 20 100 200

.plot ac i(v1) v(2,3) v(3)
.end

According to SPICE, voltage across the capacitdriaductor
reach a peak somewhere around 70 volts! This isequi
impressive for a power supply that only generatesolt.
Needless to say, caution is in order when expettimgmwith
circuits such as this. This SPICE voltage is lowran the
expected value due to the small (20) number ofsirethe AC
analysis statement (.ac lin 20 100 200). What ésekpected
value?

Given: f, = 159.155 Hz, L = 100mH, R = 1
fL = 27(159.155) (100mH) =710082
Xz = 1/1(2rfC) = 1/(27(159.155) (10uF)) = -ji00f}

Units = vm(3) um{2,3)
— 100*mag(vi#branch)

WD

T100.0 150.0 200.0
frequency  Hz
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G + jB with the duality between the two complexpidances
being defined as:

Parallel Circuit

Voltage, (V) Current, (1)
Resistance, (R) Conductance, (G)
Reactance, (X) Susceptance, (B)
Impedance, (2) Admittance, (Y)

Series Circuit

As susceptance is the reciprocal of reactancenimductive
circuit, inductive susceptance, BL will be negativeralue and

in a capacitive circuit, capacitive susceptance, Bl be
positive in value. The exact opposite to XL and XC
respectively.

We have seen so far that series and parallel R€uits

contain both capacitive reactance and inductivecteege

within the same circuit. If we vary the frequenayass these
circuits there must become a point where the ctpeci
reactance value equals that of the inductive reaetaand
therefore, XC = XL. The frequency point at whiclstbccurs
is called resonance and in the next tutorial wd leibk at

series resonance and how its presence alters #nactéristics
of the circuit.

Parallel Resonance

The Parallel Resonance Circuit

In many ways a parallel resonance circuit is eyaittt same
as the series resonance circuit we looked at inptegious
tutorial. Both are 3-element networks that contaio reactive

components making them a second-order circuit, tath
influenced by variations in the supply frequency &oth have

167



Current and Admittance Triangles

Lc=016A © Bc=30mS
T R=10A T G=20ms
v
75. 53°
Y-78mS
L-IQt-—mmm (BL-Bc)
387A

n=39A BL=80mS

Current Trian, Admitiance Triangle

Parallel RLC Circuit Summary

In a parallel RLC circuit containing a resistor, inductor and
a capacitor the circuit current IS is the phaseon soade up of
three components, IR, IL and IC with the supplytagé
common to all three. Since the supply voltage ismon to all
three components it is used as the horizontal eséer when
constructing a current triangle.

Parallel RLC networks can be analysed using vedisgrams
just the same as with series RLC circuits. Howevee

analysis of parallel RLC circuits is a little marethematically
difficult than for series RLC circuits when it caitts two or
more current branches. So an AC parallel circuit loa easily
analysed using the reciprocal of impedance calléahiftance.

Admittance is the reciprocal of impedance given shmbol,
Y. Like impedance, it is a complex quantity corisgbf a real
part and an imaginary part. The real part is theprecal of
resistance and is called Conductance, symbol Y ewtiie
imaginary part is the reciprocal of reactance amdcalled
Susceptance, symbol B and expressed in complexdsri =
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Figure 6.17: Plot of Vc=V(2,3) 70 V peak, VL=v(3p N
peak, I=I(V1#branch) 0.532 A peak

Z =1 +j100 -3100 = 1 @

=WfZ = 2 V/(18) =134
Ve = IZ = (1 B)(jlo0) = jio0 ¥
Ve = IZ = (1 A}(-jl00) = -3100 V
Vg = IR = {1 B)(1}= 1 ¥
Vietal = Vi + Vo + Vg
Viotal = 3100 -3100 +1 = 1 V

The expected values for capacitor and inductorageitare 100
V. This voltage will stress these components td kel and

they must be rated accordingly. However, theseagel are
out of phase and cancel yielding a total voltagesxall three
components of only 1 V, the applied voltage. Thioraf the

capacitor (or inductor) voltage to the applied agé is the “Q”
factor.

Q = Vi/Vg = Vo/Vg
* REVIEW:

« The total impedance of a series LC circuit apphes zero as
the power supply frequency approaches resonance.

* The same formula for determining resonant frequen a
simple tank circuit applies to simple series cirsais well.

« Extremely high voltages can be formed acrossrtizidual
components of series LC circuits at resonance, tdubigh

current flows and substantial individual component

impedances.
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7). Total supply current, (IS):
6.4 Applications of resonance L - J'R AT )2 _ J12 T(39-016) = 387(A)

So far, the phenomenon of resonance appears touseless

curiosity, or at most a nuisance to be avoided e@sfly if 8). Conductance, (G ):

series resonance makes for a short-circuit acrass AT G = % = % = 0.028 or 20mS
voltage source!). However, this is not the casesoRence is a

very valuable property of reactive AC circuits, doyed in a 9). Inductive Susceptance, ( BL ):
variety of applications. One use for resonance isstablish a ’ 1 ! ’
condition of stable frequency in circuits desigriedproduce B = X T 128 0.085 or 80mS

AC signals. Usually, a parallel (tank) circuit ised for this -

purpose, with the capacitor and inductor directiynrected
together, exchanging energy between each othet. alus 1 h
pendulum can be used to stabilize the frequency ofock Be = 5 = 3753 = 00038 or 3mS
mechanism’s oscillations, so can a tank circuit used to c

stabilize the electrical frequency of an AC ostiltecircuit. As
was noted before, the frequency set by the tamkiiciis solely

10). Capacitive Susceptance, ( BC):

11). Admittance, (Y ):
1

dependent upon the values of L and C, and not @n th Y = 717 " 0.078S or 78mS
magnitudes of voltage or current present in theillasons: i
(Figure 6.18) 12). Phase Angle, ¢ ) between the resultant current and the

supply voltage:

cosp = o = 02 =
the natural frequency Y 78ms
(hm the fﬁs‘ of of the "tank circuit"
6 "oscillator helps to stabilize 4 N
circuit oscillations ¢ = cos 0.256 = 753" (lag)

Figure 6.18: Resonant circuit serves as stableuénecy
source.

Another use for resonance is in applications whkeeeffects

of greatly increased or decreased impedance atrtayiar
frequency is desired. A resonant circuit can beluséblock”
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Vs = 240V
sonz |+ R L

%o 142mH

L

1). Inductive Reactance, ( XL ):

1604F

X = oL = 2xfL = 27.100.0.02 = 12.6Q

L

2). Capacitive Reactance, ( XC):
1

x = 1 _ -1 3830

°©  oC  21/C  27100.5x10"

3). Impedance, ( Z):
1
Z =

1
+ 0.0004 + 0.0058 0.0788

4). Current through resistance, R (IR ):

_Vv _5 _
k=& = o5 = 10(A)

5). Current through inductor, L (IL):
\

_ % _
L= x0T 728~ P

6). Current through capacitor, C (IC):

. == = —_
c X 318.3

= 0.16(A)
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(present high impedance toward) a frequency or eaofy
frequencies, thus acting as a sort of frequendsetfito strain

certain frequencies out of a mix of others. In fattese

particular circuits are called filters, and thedrs@n constitutes
a discipline of study all by itself: (Figure 6.19)

Tank circuit presents a

high impedance to a narrow
range of frequencies, blocking
them from getting to the load

AC source of .
mixed frequencies

load

Figure 6.19: Resonant circuit serves as filter.

In essence, this is how analog radio receiver tui®uits
work to filter, or select, one station frequency ofithe mix of
different radio station frequency signals interegpty the
antenna.

* REVIEW:

* Resonance can be employed to maintain AC circuit

oscillations at a constant frequency, just as alpleim can be
used to maintain constant oscillation speed inmekeeping
mechanism.

« Resonance can be exploited for its impedance eptiep:
either dramatically increasing or decreasing impedafor
certain frequencies. Circuits designed to screentaice
frequencies out of a mix of different frequencies aalled
filters.

6.5 Resonance in series-parallel circuits
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In simple reactive circuits with little or no resiace, the
effects of radically altered impedance will manifeg the
resonance frequency predicted by the equation geelier. In
a parallel (tank) LC circuit, this means infinitmpedance at
resonance. In a series LC circuit, it means zenpettance at
resonance:

However, as soon as significant levels of resistaace
introduced into most LC circuits, this simple cadtion for
resonance becomes invalid. We'll take a look aessdvLC
circuits with added resistance, using the same egalfor
capacitance and inductance as before:uEOand 100 mH,
respectively. According to our simple equation, theonant
frequency should be 159.155 Hz. Watch, though, &her
current reaches maximum or minimum in the follow8#®ICE
analyses:

Figure 6.20: Parallel LC circuit with resistancesieries with
L.

Here, an extra resistor (Rbogus) (Figure 6.22)iessary to
prevent SPICE from encountering trouble in analySBICE
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Admittance: Y = [1]’,,[4,(@(;)]2

Impedance: Z = _ =

Giving us a power factor angle of:

cos = % o= 00571[3]

or

tan¢:% ¢:ﬁan’1[%]

As the admittance, Y of a parallel RLC circuit ic@amplex
quantity, the admittance corresponding to the gdrferm of
impedance Z = R + jX for series circuits will beitten as Y =
G - jB for parallel circuits where the real part i€ the
conductance and the imaginary part jB is the suacep. In
polar form this will be given as:

Example Nol
A 50Q resistor, a 20mH coil and a 5uF capacitor are

connected in parallel across a 50V, 100Hz suppsic@ate
the total current drawn from the supply, the curriem each

branch, the total impedance of the circuit andphase angle.

Also construct the current and admittance triangles

representing the circuit.

Parallel RLC Circuit
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susceptance, B. This makes it possible to constarct
admittance triangle that has a horizontal condwetaaxis, G
and a vertical susceptance axis, jB as shown.

Admittance Triangle for a Parallel RLC Circuit

o

N T
2 & \
P2 g Admittance Triangle
6) 1 G (conductance)
R (resistance) of

Impedance Triangle »@%
iy
e

B (susceptance)

Now that we have an admittance triangle, we can use

Pythagoras to calculate the magnitudes of all tisides as
well as the phase angle as shown.

from Pythagoras,

Y= GZ+(BL- Bcjz

Then we can define both the admittance of the itiemd the
impedance with respect to admittance as:

162

can't handle an inductor connected directly in feravith any
voltage source or any other inductor, so the adfliif a series
resistor is necessary to “break

resonant circuit
vli10ac1lsin
c11010u

r1 12100

1120 100m

.ac lin 20 100 200
.plot ac i(v1)

.end

wA — mag(visbranch)

Y QUi S 4 kR S bR S SRS A

6.5 4
100.0 150.0 200,0

frequency  Hz

Figure 6.21: Resistance in series with L producésimum
current at 136.8 Hz instead of calculated 159.2 Hz

Minimum current at 136.8 Hz instead of 159.2 Hz!
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Figure 6.22: Parallel LC with resistance in seneith C.

up” the voltage source/inductor loop that wouldenthise be
formed. This resistor is chosen to be a very loweaor
minimum impact on the circuit's behavior.

resonant circuit
vl10aclsin
r112100
c12010u
rbogus 1 3 le-12
11 3 0100m

.ac lin 20 100 400
.plot ac i(v1l)

.end

Minimum current at roughly 180 Hz instead of 158122
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difference between the voltage and the current.afimittance
of a parallel circuit is the ratio of phasor cutréa phasor
voltage with the angle of the admittance beingrtegative to
that of impedance.

Conductance (G) :

Conductance is the reciprocal of resistance, Risgien the
symbol G.

1
6=z [s]
Conductance is defined as the ease at which daeéis a set
of resistors) allows current to flow when a voltagiéher AC
or DC is applied.

Susceptance (B) :

Susceptance is the reciprocal of reactance, X sugiven the
symbol B.

1
Bo=y [8]
3

1
B, = X [s]
In AC circuits susceptance is defined as the easehizh a
reactance (or a set of reactances) allows curoeifdw when a
voltage is applied. Susceptance has the opposie &
reactance so capacitive susceptance BC is positive, in
value and inductive susceptance BL is negative,invealue.

In AC series circuits the opposition to current wflois
impedance, Z which has two components, resistan@ndRk
reactance, X and from these two coponents we castrat
an impedance triangle. Similarly, in a parallel Rc@cuit,
admittance, Y also has two components, conducta@cand
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The new unit for admittance is the Siemens, abbtedias S, (
old unit mho'sU, ohm's in reverse ). Admittances are added
together in parallel branches, whereas impedaneesdded
together in series branches. But if we can hawecgpnocal of
impedance, we can also have a reciprocal of resistand
reactance as impedance consists of two comporferasd X.
Then the reciprocal of resistance is called Corahez and the
reciprocal of reactance is called Susceptance.

Conductance, Admittance and Susceptance

The units used for conductance, admittance andeptestce
are all the same namely Siemens ( S ), which cao bé
thought of as the reciprocal of Ohms or ohm-1,thatsymbol
used for each element is different and in a purepmment this
is given as:

Admittance (Y) :

Admittance is the reciprocal of impedance, Z andiven the
symbol Y.

1
Y=z [s]
In AC circuits admittance is defined as the easevkith a
circuit composed of resistances and reactancewsaliurrent
to flow when a voltage is applied taking into aasbtihe phase
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mel — mag(vl#branch)

100.0 200.0 3000 400.0

frequency Hz

Figure 6.23: Resistance in series with C shifts immim
current from calculated 159.2 Hz to roughly 180 Hz.

Switching our attention to series LC circuits, (g 6.24) we
experiment with placing significant resistancepanallel with
either L or C. In the following series circuit exples, a 1
resistor (R1) is placed in series with the induehod capacitor
to limit total current at resonance. The “extra’siseance
inserted to influence resonant frequency effectisésl00
resistor, R2. The results are shown in (Figuré&)6.2

And finally, a series LC circuit with the significaresistance

in parallel with the capacitor. (Figure 6.26) Thaifted
resonance is shown in (Figure 6.27)
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Figure 6.24: Series LC resonant circuit with resise in
parallel with L

resonant circuit
vl10aclsin
r1121
c12310u
1130100m

r2 30100

.ac lin 20 100 400
.plot ac i(v1)

.end

Maximum current at roughly 178.9 Hz instead of 239z!
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Impedance of a Parallel RLC Circuit

vV AV vV
R=X x =YX x =Y
IR ! IL « IC
7= L _
1,11
R) TIX XS

You will notice that the final equation for a paealRLC
circuit produces complex impedances for each paratanch
as each element becomes the reciprocal of impedéridg )
with the reciprocal of impedance being called Adamite. In
parallel AC circuits it is more convenient to ushrettance,
symbol ( Y ) to solve complex branch impedanceeisfly
when two or more parallel branch impedances areled
(helps with the math's). The total admittance @f ¢frcuit can
simply be found by the addition of the parallel dttinces.
Then the total impedance, ZT of the circuit wilktafore be
1/YT Siemens as shown.

Admittance of a Parallel RLC Circuit
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Since the voltage across the circuit is common lkaheee
circuit elements, the current through each bramehbe found
using Kirchoff's Current Law, (KCL). Kirchoff's crent law or
junction law states that "the total current enigrnjunction or
node is exactly equal to the current leaving thaded, so the
currents entering and leaving node "A" above avergas:

KCL: I-1.-1 -1, =0

V.1 _cdv _
I R Ejvdt CE 0

Taking the derivative, dividing through the abovgiation by
C and rearranging gives us the following Secondord
equation for the circuit current. It becomes a sdeorder
equation because there are two reactive elemetite icircuit,
the inductor and the capacitor.

dv,dv1 |1

"o =4 Tatre Tic

The opposition to current flow in this type of AGrauit is
made up of three components: XL XC and R and the
combination of these three gives the circuit impeeda Z. We
know from above that the voltage has the same ampliand
phase in all the components of a parallel RLC d@irdthen the
impedance across each component can also be debcrib
mathematically according to the current flowingotingh, and
the voltage across each element as.

158

mA — mag{vi#branch)

8. -
100.0 200.0 300.0 400.0

frequency Hz

Figure 6.25: Series resonant circuit with resistaincparallel
with L shifts maximum currentfrom 159.2 Hz to roligh80
Hz.

resonant circuit
vli10ac1lsin
r1121
c12310u

r2 2 3100

113 0100m

.ac lin 20 100 200
.plot ac i(v1)

.end

Maximum current at 136.8 Hz instead of 159.2 Hz!
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V,@lv

[l
;
&

X

o

0

Figure 6.26: Series LC resonant circuit with rsis& in

parallel with C. We can see from the phasor diagram on the rightl Isige
above that the current vectors produce a rectangidangle,
comprising of hypotenuse 1S, horizontal axis IR amdtical
axis IL - IC  Hopefully you will notice then, thahis forms a
Current Triangle and we can therefore use Pythagora
theorem on this current triangle to mathematicalyain the
magnitude of the branch currents along the x-ame waxis
and then determine the total current IS of thesepoments as
shown.

wh — mag(wi#branch)

Current Triangle for a Parallel RLC Circuit

s :Ié+[IL_ICJZ

100.0 150.0

2 2
frequency  Hz I =45 +(IL - IC)
2
Figure 6.27: Resistance in parallel with C in seniesonant L= [y]z+ vV _Vv]|_Vv
circuit shifts curreent maximum from calculated 258z to ° R) X X) Z

about 136.8 Hz
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In the above parallel RLC circuit, we can see that supply
voltage, VS is common to all three components white
supply current IS consists of three parts. Theenirflowing
through the resistor, IR, the current flowing thgbuthe
inductor, IL and the current flowing through thepaaitor, IC.

But the current flowing through each branch andefue
each component will be different to each other &mcthe
supply current, I1S. The total current drawn frone supply
will not be the mathematical sum of the three ifdlial
branch currents but their vector sum.

Like the series RLC circuit, we can solve this gitasing the
phasor or vector method but this time the vectag@dim will
have the voltage as its reference with the thregentivectors
plotted with respect to the voltage. The phasogrdiam for a
parallel RLC circuit is produced by combining tdust the
three individual phasors for each component andngdthe
currents vectorially.

Since the voltage across the circuit is common lkdheee
circuit elements we can use this as the refereectow with
the three current vectors drawn relative to this tlair
corresponding angles. The resulting vector IS igiobd by
adding together two of the vectors, IL and IC amehtadding
this sum to the remaining vector IR. The resultaggle
obtained between V and IS will be the circuits ghasgle as
shown below.

Phasor Diagram for a Parallel RLC Circuit
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The tendency for added resistance to skew the poimthich

impedance reaches a maximum or minimum in an L€Liitiis

called antiresonance. The astute observer wilcaadi pattern
between the four SPICE examples given above, imgenf

how resistance affects the resonant peak of aitircu

« Parallel (“tank”) LC circuit:

R in series with L: resonant frequency shiftesvdo
* R in series with C: resonant frequency shifted up
« Series LC circuit:

« R in parallel with L: resonant frequency shifigol

« R in parallel with C: resonant frequency shiftéxivn

Again, this illustrates the complementary natureafacitors
and inductors: how resistance in series with oreates an
antiresonance effect equivalent to resistance nallgh with
the other. If you look even closer to the four SPI€amples
given, you'll see that the frequencies are shiftgdthe same
amount, and that the shape of the complementaphgrare
mirror-images of each other!

Antiresonance is an effect that resonant circustigheers must
be aware of. The equations for determining antivasoe

“shift” are complex, and will not be covered in ghbrief

lesson. It should suffice the beginning studergle€tronics to
understand that the effect exists, and what itsegegn
tendencies are.
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Added resistance in an LC circuit is no academittenaWhile

it is possible to manufacture capacitors with rgble

unwanted resistances, inductors are typically mdgwith

substantial amounts of resistance due to the lengths of
wire used in their construction. What is more, iégistance of
wire tends to increase as frequency goes up, daestoange
phenomenon known as the skin effect where AC ctitesrds

to be excluded from travel through the very cewtea wire,

thereby reducing the wire's effective cross-sectioarea.
Thus, inductors not only have resistance, but chang
frequency-dependent resistance at that.

As if the resistance of an inductor's wire wereertough to
cause problems, we also have to contend with thee“tbsses”
of iron-core inductors, which manifest themselvasaaded
resistance in the circuit. Since iron is a conduofcelectricity
as well as a conductor of magnetic flux, changirgx f
produced by alternating current through the coll vend to
induce electric currents in the core itself (eddyrents). This
effect can be thought of as though the iron corethef
transformer were a sort of secondary transformeil co
powering a resistive load: the less-than-perfeaduootivity of
the iron metal. This effects can be minimized wéminated
cores, good core design and high-grade materialshéver
completely eliminated.

One notable exception to the rule of circuit resise causing
a resonant frequency shift is the case of seriasstoe-

inductor-capacitor (“RLC”) circuits. So long as aimponents
are connected in series with each other, the resdreguency
of the circuit will be unaffected by the resistangféigure 6.28)
The resulting plot is shown in (Figure 6.29).
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The Parallel RLC Circuit

© 2016 by AspenCore
http://www.electronics-tutorials.ws/accircuits/plekh
circuit.html

The Parallel Circuit

The Parallel RLC Circuit is the exact opposite he series
circuit we looked at in the previous tutorial altigh some of
the previous concepts and equations still applywéier, the
analysis of parallel RLC circuits can be a littleona
mathematically difficult than for series RLC cirtaiso in this
tutorial about parallel RLC circuits only pure coomgnts are
assumed in this tutorial to keep things simple.

This time instead of the current being common ® ¢cuit

components, the applied voltage is now common ltscaive
need to find the individual branch currents througgich
element. The total impedance, Z of a parallel Rl€uit is

calculated using the current of the circuit simtiarthat for a
DC parallel circuit, the difference this time isatradmittance
is used instead of impedance. Consider the paRil€l circuit

below.

Parallel RLC Circuit
Is

>

iy
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Ry

1 2
100 Q
Ci=— 10 uF
i @) v 5

Ly =100 mH

0 0
Figure 6.28: Series LC with resistance in series.

series rlc circuit
vl10aclsin
r112100
c12310u

1130 100m

.ac lin 20 100 200
.plot ac i(v1)

.end
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mA = mag{visbranch)

7.0 %
100,0 150.0

frequency Hz

Figure 6.29: Resistance in series resonant citeaites current
maximum at calculated 159.2 Hz, broadening theesurv

Maximum current at 159.2 Hz once again!

Note that the peak of the current graph (Figur@ptfas not
changed from the earlier series LC circuit (the wiith the 1
token resistance in it), even though the resistameow 100
times greater. The only thing that has changed his
“sharpness” of the curve. Obviously, this circuibed not
resonate as strongly as one with less seriesaeses((it is said
to be “less selective”), but at least it has thenesanatural
frequency!

It is noteworthy that antiresonance has the efiédampening
the oscillations of freerunning LC circuits suchtask circuits.
In the beginning of this chapter we saw how a ciqpaand
inductor connected directly together would act siving like
a pendulum, exchanging voltage and current peaitslike a
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When the complex impedances of the branches apahalle!
RLC circuit are combined, the equivalent impedaiscef the
form:
P J
R L) R. ———
B (R, + jw )( e coCJ
1
R +R )+ jlwl-—
(R +R.) J(m mC]
When this expression is rationalized and put in stendard
form:

— Z;‘ZL'
v~ 7 47,

Z,=R,+ X, =|Z|e*

then the impedance in ohms and the phase can esmietd.
By setting the = 0, the resonant frequency candieulated.
The expressions for these calculations are quitgthey.

RLC Parallel Expressions

The complex impedances of the parallel RLC cirtalies the
form:

(R, + J'COL)[R( - L)

__ZZ wC

equiv Z, +Z, =

1
R +R)+jloL-——
(R, +Re) J[w wC)

Z, =R, + X, =|Z]e”

When rationalized, and the components have the:form
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pendulum exchanges kinetic and potential energgp perfect
tank circuit (no resistance), this oscillation weudontinue
forever, just as a frictionless pendulum would cure to
swing at its resonant frequency forever. But foiotess
machines are difficult to find in the real worldpdaso are
lossless tank circuits. Energy lost through resista (or
inductor core losses or radiated electromagnetiewar . . .)
in a tank circuit will cause the oscillations tocdg in
amplitude until they are no more. If enough endogpges are
present in a tank circuit, it will fail to resonaeall.

Antiresonance’s dampening effect is more thangustriosity:
it can be used quite effectively to eliminate untean
oscillations in circuits containing stray inductascand/or
capacitances, as almost all circuits do. Take raftehe
following L/R time delay circuit: (Figure 6.30)

switch R

— L

[

Figure 6.30: L/R time delay circuit

The idea of this circuit is simple: to “charge” timductor
when the switch is closed. The rate of inductorrging will

be set by the ratio L/R, which is the time const#rthe circuit
in seconds. However, if you were to build suchraui, you
might find unexpected oscillations (AC) of voltageross the
inductor when the switch is closed. (Figure 6.31\Vighthis?
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There's no capacitor in the circuit, so how can heave
resonant oscillation with just an inductor, resisemd battery?

All inductors contain a certain amount of strayagifance due
to turn-to-turn and turn-to-core insulation gapsisoA the
placement of circuit conductors may create strgaciance.
While clean circuit layout is important in elimiirag much of
this stray capacitance, there will always be soim tyou
cannot eliminate. If this causes resonant probl@msvanted
AC oscillations), added resistance may be a wagotabat it.
If resistor R is large enough, it will cause a dtiod of

antiresonance, dissipating enough energy to piotie

inductance and stray capacitance from sustainicglaigons

for very long.

Interestingly enough, the principle of employingiseance to
eliminate unwanted resonance is one frequently ursetie
design of mechanical systems, where any movingcolwéih
mass is a potential resonator. A very common agfidin of
this is the use of shock absorbers in automobiféshout
shock absorbers, cars would bounce wildly at thesonant
frequency after hitting any bump in the road. ThHeck
absorber’s job is to introduce a strong antiresbrediect by
dissipating energy hydraulically (in the same wdnatta
resistor dissipates energy electrically).
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RLC Parallel Circuit
HyperPhysics***** Electricity and Magnetism
http://hyperphysics.phy-astr.gsu.edu/hbase/elédapar.html

RLC Parallel Circuit

Finding the impedance of a
parallel RLC circuit is
considerably more difficult than
finding the series RLC
impedance. This is because
each branch has a phase angle
and they cannot be combined in
a simple way. The impedance
of the parallel branches combine in the same way phrallel
resistors combine:

RN S B 2,2,

=t v —
Zon Zp Zec a ez, vz,

But although the branch impedance magnitudes can be
calculated from:

ZL:,,‘ " I’ and 7. = Rcz+a):1Cg
they cannot be directly combined as suggested ky th
expression above because they are different inephdike
vectors in different directions cannot be addeeadlly. This
dilemma is most easily solved by the complex impeda
method.

RLC Parallel: Complex Impedance Method
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Vims

(X -Xe)

where Jms and Vims arerms currentand voltage, respectively.
The reactancevary with frequency¥., with X, large at high
frequencies and Xlarge at low frequencies given as:

XL = 2TI'JIL,XC = ﬁ

At some intermediate frequenc”o, the reactances will be
equal and cancel, giving Z=R —this is a minimumueafor
impedance, and a maximum value fgy Fesults. We can get
an expression for by taking XXc. Substituting the definitions
of X, and X yields:
vy = 1

21:@_
™ js the resonant frequency of an RLC series cirdtis is
also thenatural frequencyt which the circuit would oscillate
if not driven by the voltage source. »0, the effects of the
inductor and capacitor cancel, so that Z=R, apd i a
maximum. Resonance iPAC circuits is analogous to
mechanical resonance, where resonance is definadased
oscillation (in this case, forced by the voltageirse) at the
natural frequency of the system.
The receiver in a radio is an RLC circuit that #at#s best at
its . A variable capacitor is often used to adjhst resonance
frequency to receive a desired frequency and &xtrejthers. is
a graph of current as a function of frequency,stiiating a

resonant peak in s at Y0 = fO. The two curves are for two
different circuits, which differ only in the amouof resistance
in them. The peak is lower and broader for the digh
resistance circuit. Thus higher-resistance circuits not
resonate as strongly, nor would they be as setdtiy for
example, a radio receiver.
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ideal L/R voltage curve =
actual L/R voltage curve = ———

Figure 6.31: Inductor ringing due to resonance wsthay
capacitance.

* REVIEW:

» Added resistance to an LC circuit can cause alition
known as antiresonance, where the peak impedarieetsef
happen at frequencies other than that which givgsale
capacitive and inductive reactances.

« Resistance inherent in real-world inductors cantigbute
greatly to conditions of antiresonance. One sowfteuch
resistance is the skin effect, caused by the exciusf AC
current from the center of conductors. Another seus that of
core losses in iron-core inductors.

« In a simple series LC circuit containing resis@ifan “RLC"
circuit), resistance does not produce antiresonaResonance
still occurs when capacitive and inductive reactsrare equal.

6.6 Q and bandwidth of a resonant circuit
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Resonance in RLC Circuits
The Q, quality factor, of a resonant circuit is easure of the

“goodness” or quality of a resonant circuit. A héglvalue for https://www.boundless.com/physics/textbooks/boussile
this figure of merit correspondes to a more nart@mdwith, physics-textbook/induction-ac-circuits-and-electkc

which is desirable in many applications. More folljeQ is technologies-22/ac-circuits-162/resonance-in-rictgts-586-
the ration of power stored to power dissipatedhia tircuit 3035/

reactance and resistance, respectively:
Resonance is the tendency of a system to osaillithegreater

Q = Putord/Pdissipated = I°X/I°R amplitude at some frequencies—in an RLC seriesuicjrit
Q- X/R _
where: )f - Capacitive or Inductive reactance at rescnance occurs a,VO - 27vLC..

R = Series resistance.

Resonance is the tendency of a systewstillatewith greater
amplitudeat somefrequenciesthan at others. Frequencies at
which the response amplitude is ralative maximum are
known as the system's resonance frequencies. Ty she
resonance in an RLC circuit, as illustrated below, can see
how the circuit behaves as a function of the fregyeof the
driving voltage source.

This formula is applicable to series resonant disc@nd also
parallel resonant circuits if the resistance isémies with the
inductor. This is the case in practical applicasioas we are
mostly concerned with the resistance of the indulitoiting
the Q. Note: Some text may show X and R interchdrig¢he
“Q" formula for a parallel resonant circuit. Thiscorrect for
a large value of R in parallel with C and L. Ournfuila is
correct for a small R in series with L

Ve

R
A practical application of “Q” is that voltage asmoL or C in a A3
series resonant circuit is Q times total appliettage. In a V= Vosin 2 g
parallel resonant circuit, current through L ors3Q times the lc

)

Vo

total applied current.

6.6.1 Series resonant circuits

Combining Ohnis law, |meVimdZ, and the expression for

A series resonant circuit looks like a resistarictha resonant impedanceZ from

frequency. (Figure 6.32) Since the definition o$amance is
XL=XC, the reactive components cancel, leaving otilg _ — 3
resistance to contribute to the impedance. The diaupee is Z= R+ (X - Xe)
also at a minimum at resonance. (Figure 6.33) Beibes
resonant frequency, the series resonant circultsl@apacitive

gives

112 149



[ \\ Sh”‘;l‘l 5» Flglu'e 33.16 Average pow
measured between the two points
w\ where the power is half its maxi-
Large R, mum value, The power is a maxi-
low @ mum at the resonance frequency
BN

.

The receiving circuit of a radio is an importanpkgation of a
resonant circuit. One tunes the radio to a padicstation
(which transmits a specific electromagnetic wavsignal) by
varying a capacitor, which changes the resonanuéecy of
the receiving circuit. When the resonance frequeatyhe
circuit matches that of the incoming electromagnetive, the
current in the receiving circuit increases. Thinsi caused by
the incoming wave is then amplified and fed to aaker.
Because many signals are often present over a rafge
frequencies, it is important to design a high-Qcuir to
eliminate unwanted signals. In this manner, statiarhose
frequencies are near but not equal to the resorfaegeency
give signals at the receiver that are negligiblybmelative to
the signal that matches the resonance frequency.
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since the impedance of the capacitor increases talze
greater than the decreasing inducitve reactaneginig a net
capacitive value. Above resonance, the inductivetaree
increases, capacitive reactance decreases, leawinget
inductive component.

mA — mag{v3#branch)

20.0

i5.0

100 frequency Hz 1073

Figure 6.32: At resonance the series resonanticiappears
purely resistive. Below resonance it looks capaeitiAbove
resonance it appears inductive.
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Z Ohms — mag(w~(1))/maglwS#branch)

300.0

200.0

100.0

1073

frequency Hz

Figure 6.33: Impedance is at a minumum at resonanee
series resonant circuit.

Current is maximum at resonance, impedance at amum.
Current is set by the value of the resistance. &bowvbelow
resonance, impedance increases.

The resonant current peak may be changed by vatyiag
series resistor, which changes the Q. (Figure 61343 also
affects the broadness of the curve. A low resigtahigh Q
circuit has a narrow bandwidth, as compared to gh hi
resistance, low Q circuit. Bandwidth in terms of and
resonant frequency:
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Because XL =olL, XC = 1 &»C andw02 = 1/LC, we can
express the term (XL - XC)2 as

" 1A s s
(Xp=Xp)t=|oL—~—=] = o (w° — wp=)~

wC
(33.34)
Using this result in Equation 33.34 gives

. AV,..)? Ro?
®,, = (AVis)” Ro

Rlo® + LYw? — w®)?  (33.35)
This expression shows that at resonance, when 0, the
average power is @ maximum and has the valy&nis)2/R.
Figure 33.15b is a plot of average power versugueacy for
two values of R in a series RLC circuit. As theisesice is
made smaller, the curve becomes sharper in theityicf the
resonance frequency. This curve sharpness is ysiestribed
by a dimensionless parameter known as the quadicyof,
denoted by Q:

Wy
9 Aw
whereAo is the width of the curve measured between the two
values ofw for Pav which has half its maximum value, called
the half-power points (see Fig. 33.15b.) It is Esta problem
(Problem 70) to show that the width at the half-poywoints
has the valuao = R/L, so

wyl.
o R
The curves plotted in Figure 33.16 show that a-@gbircuit
responds to only a very narrow range of frequeneibereas a
low-Q circuit can detect a much broader range eddencies.
Typical values of Q in electronic circuits rangerfr 10 to 100.
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curves correspond to three values of R. Note thaach case
the current reaches its maximum value at the remena
frequencywO . Furthermore, the curves become narrower and
taller as the resistance decreases. By inspectipgation
33.32, we must conclude that, when R = 0, the atrre
becomes infinite at resonance. Although the eqnaiiedicts
this, real circuits always have some resistancéctwiimits the
value of the current.

oy (W)

L L L L =
] s 9 w0 u a2
@(Mrad/s) ‘@(Mrad/s)
(a) (b)

Figure 33.15 (a) The rms current versus frequeacyfseries
RLC circuit, for three values of R. The currentatees its
maximum value at the resonance frequeay. (b) Average
power versus frequency for the series RLC circfait, two
values of R.

It is also interesting to calculate the average gows a
function of frequency for a series RLC circuit. ktpi
Equations 33.30, 33.31, and 33.23, we find that

(AV; (AVyn)®R
R+ (X, — Xo)?

Py =

sl =

R=
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mA

100.0

50,0

1000

frequency  Hz

Figure 6.34: A high Q resonant circuit has a narbandwidth
as compared to a low Q

BW = £./0
Where £, = resonant frquency
Q = guality factor
Bandwidth is measured between the 0.707 currentitamhp

points. The 0.707 current points correspond tohidilé power
points since P = I2R, (0.707)2 = (0.5). (Figure5$.3
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|
N\

H \-'-,___ﬁ
0.0 £1=291 Hz £h=355 Hz
“7100 64 1000
df=355-291=64 frequency Hz

Figure 6.35: Bandwidth; f ismeasured between th&%0
amplitude points of series resonant circuit.

BW = Af = £ = £./0
Where fj high band edge, £f; = low band edge
- Af/2
+ Af/2
f. = center frequency (resocnant frequency)

In Figure 6.35, the 100% current point is 50 mAeTi0.7%
level is 0707(50 mA)=35.4 mA. The upper and loweand
edges read from the curve are 291 Hz for fl and35%or fh.
The bandwidth is 64 Hz, and the half power poinésia32 Hz
of the center resonant frequency:
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A series RLC circuit is said to be in resonance nwitiee
current has its maximum value. In general, the cotsent can
be written

KA
1 A‘I'IIIS

rms 7 (33.31)
where Z is the impedance. Substituting the expeser Z
from Equation 33.23 into 33.31 gives

s =

VR + (Xp — Xp)? (33.32)
Because the impedance depends on the frequencyeof
source, the current in the RLC circuit also depeadsthe
frequency. The frequenay0 at which XL — XC = 0 is called
the resonance frequency of the circuit. To fisdl, we use the
condition XL = XC , from which we obtainOL = 1/»0C, or

1

JLe (33.33)
Note that this frequency also corresponds to theirak
frequency of oscillation of an LC circuit. Theredothe current
in a series RLC circuit reaches its maximum vallreewthe
frequency of the applied voltage matches the nhtscillator
frequency—which depends only on L and C. Furtheenat
this frequency the current is in phase with theliegproltage.

@y

A plot of rms current versus frequency for a seR&€ circuit
is shown in Figure 33.15a. The data assume a gunstams
= 5.0 mV, that L = 5.QuH, and that C = 2.0 nF. The three
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BW = Af = f,-f; = 355-291 = 64
f. - Af/2 = 323-32 = 291
£, + Af/2 = 323432 = 355

Since BW = fc/Q:
Q = £f./BW = (323 Hz)/ (64 Hz) = &

6.6.2 Parallel resonant circuits

A parallel resonant circuit is resistive at the orent
frequency. (Figure 6.36) At resonance XL=XC, thact&e
components cancel. The impedance is maximum ahaese.
(Fig6.6. ure 6.37) Below the resonant frequencyg, phrallel
resonant circuit looks inductive since the impedant the
inductor is lower, drawing the larger proportion @frrent.
Above resonance, the capacitive rectance decredsasing
the larger current, thus, taking on a capacitiveratteristic.

mhl — mag(v3#branch)

100 1000

frequency  Hz
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Figure 6.36: A parallel resonant circuit is resistiat
resonance, inductive below resonance, capacitiveveab
resonance.

Impedance is maximum at resonance in a parallenesg
circuit, but decreases above or below resonanckadis at a
peak at resonance since voltage is proportionainfiedance
(E=12). (Figure 6.37)

A low Q due to a high resistance in series with itidictor
produces a low peak on a broad response curve faralel
resonant circuit. (Figure 6.38) conversely, a h@lis due to a
low resistance in series with the inductor. Thisdurces a
higher peak in the narrower response curve. Tha Rlgis
achieved by winding the inductor with larger diaeresmaller
gague), lower resistance wire.

The bandwidth of the parallel resonant responsevecus
measured between the half power points. This cooreds to
the 70.7% voltage points since power is proportidnaE2.
((0.707)2=0.50) Since voltage is proportional tqpédance,
we may use the impedance curve. (Figure 6.39)

In Figure 6.39, the 100% impedance point is 500

. The 70.7% level is 0707(500)=354

. The upper and lower band edges read from theecaner 281
Hz for fl and 343 Hz for th. The bandwidth is 62,Hmnd the
half power points are + 31 Hz of the center resbfraquency:
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The difference of the A-B cursors is 63.44Hz, whiglin very
good agreement with the theoretical 63.8Hz residneaking
the inaccuracy of the graphic procedure into carsiibn.
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700.00— i

7..,,=625 phms f,=1.13MHz

600.00
w 500.00

Frequency{Hz)
Finally let's examine the bandwidth of this circuit

The calculated value:

Af:ﬁ:@:(;g_gﬁz
oy 127

Lets confirm it graphically using the diagram.

Zmax = 625 ohm. The impedance limits that defire ¢htoff
frequencies are:

2,222 ZME —4420)
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BW = Af = £,-f; = 343-281 = &2
f; = £, - Af/2 = 312-31 = 281
£, = £. + Af/2 = 312+31 = 343

Q = £./BW = (312 Hz)/(62 Hz) = 5

— mag(v(31))/maglvisbranch)

1000
1000

frequency Hz

Figure 6.37: Parallel resonant circuit: Impedaneaks at
resonance.

119



k Ohms

1000

frequency  Hz

Figure 6.38: Parallel resonant response varies @ith

Units = 500 +707*500
Z Ohms — magl{w{31))/mag(vI#branch)}
B () ferernrrmsnarnsienengenssannnns

fo=312

400,0 |

200,0 [

|

i
F1=281 fh=343 =}
100 AF=B2 1000

frequency Hz
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The equivalent parallel resistance: Req = Qo2 Ri25 ohm

The equivalent parallel circuit:

Zeq RE25 Lsm Cau

The impedance diagram:
700,00

600.00

w 500.00

Freguency(Hz)

Finally, if we use copy and paste to see both ciosm one
diagram, we get the following picture where the tewoves
coincide.
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Figure 6.39: Bandwidth; f is measured between &%
impedance points of a parallel resonant circuit.

6.7 Contributors
- cdu

Contributors to this chapter are listed in chrogalal order of
their contributions, from most recent to first. Segpendix 2
(Contributor List) for dates and contact informatioaJason
Starck (June 2000): HTML document formatting, whieti to
The resonant (Thomson) frequency: a much better looking second edition.
o = 1 1 _ E

TOJIT et 2
The impedance diagram is the following:

700.00—

Z.15=625 phms f,=1.13Hz
660.00- : : :

‘& 560.00

100 Tk 10k
Frequency{Hz)
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The equivalent impedance:
1

— IR L
7 - jooc( *lal) _ R+ja L
C - K
i 1 +[R+jal) T-wlC+je CR
jalC

Let's examine this impedance at the resonant frexyuehere
1-w02LC=0

We will also assume that the quality factor Qo LivaL>>1.

_ By tje r 1+ 72  Rw L

4 erR Y wlR mCR
At the resonant frequency

Since at resonant frequencywOL= 1/w0C

Zeq=Qo02 RL

Since in the pure parallel resonant circuit at thsonant
frequency Zeq = R, the real parallel resonant éircan be
replaced by a pure parallel resonant circuit, where

R =Qo2 RL

Example 3

Compare the impedance diagrams of a real paratié! its
equivalent pure parallel resonance circuit.
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T06.00—

50.60

000

Phase [1eg]

-50.00+

UL L~
ki 0 Joc ic Tnic fo0k 1
Freguency (42)
The "pure" parallel circuit above was very easyei@mine
since all components were in parallel. This is ey
important when the circuit is connected to othetpa

However in this circuit, the series loss resistante¢he coil
was not considered.

Now let's examine the following so called "real giksi
resonant circuit,” with the series loss resistantehe coil
present and learn how we can transform it into arép
parallel circuit.

Ra00

Ca.0u
L5im
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Circuits containing R, L, C elements often have cide
characteristics useful in many applications. Beeatiseir
frequency characteristics (impedance, voltage, wreat vs.
frequency) may have a sharp maximum or minimunegamn
frequencies these circuits are very important éndperation of
television receivers, radio receivers, and trartemsit In this
chapter we will present the different types, modalsd
formulas of typical resonant circuits.

SERIES RESONANCE

A typical series resonant circuit is shown in tigeife below.

L R C

The total impedance:
Z=jel +R+—1 = R+j(mL—L)
gl @l
In many cases, R represents the loss resistartte afductor,
which in the case of air core coils simply mearesrésistance

of the winding. The resistances associated withcdacitor
are often negligible.

The impedances of the capacitor and inductor asgiimary
and have opposite sign. At the frequency w0 L= Owthe
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total imaginary part is zero and therefore thel tot@edance is
R, having a minimum at the wOfrequency. This fremyeis
called the series resonant frequency.

The typical impedance characteristic of the ciréaishown in
the figure below.
10.00k

1.00k

700,00

Impedance (ohms)

10.00

7.00 T 1
100 T 10K
Frequency (Hz)

From the wOL= 1/wOCequation, the angular frequentyhe
series resonance: or for the frequency in Hz:

2r
T, =""—=2mLC.
fo= “a
This is the so-called Thomson formula.
If R is small compared to the XL, XC reactance acthe
resonant frequency, the impedance changes shatptyiea

series resonant frequencyln this case we sayhbatitcuit has
good selectivity.
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400k
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Impzcance (akrms)

1 00k
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Find the resonant frequency and the resonant gufatitor of
a pure parallel resonance circuit where R = 5 kdhm,0.2 H,
C =200 nF.

liot 1A 0°

Ik 1000m& 0 |1 sa .00° IC 5A @00

161 T % R Sk L 200m © 2000

The resonant frequency:

1 1
= _sponrad
=N T VozEo2Ee %

A :%:795 8z

T
and the resonant quality factor:

B a C C 02*10°
Q=—t="-"-nCR=R,/==510°" = ~ =5
R T T 102

Incidentally, this quality factor is equal to ILRIat the
resonant frequency.

Now let us draw the impedance diagram of the dircui

The simplest way is to replace the current sourgeab
impedance meter and run an AC Transfer analysis.
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The selectivity can be measured by the qualityofa€ If the
angular frequency in the formula equals the angiéguency
of resonance, we get the resonant quality factcerdhs a
more general definition of the quality factor:

gneryy siursd in indavior el wi

7 =—
ke erergy lurmsd lo heat during one periad I A

o=2

The voltage across the inductor or capacitor canmibeh
higher then the voltage of the total circuit. Aethesonant
frequency the total impedance of the circuit is:

Z=R

Assuming that the current through the circuit iotal voltage
on the circuit is

Vtot=*R

However the voltage on the inductor and the capecit
V, =V = el =

a,C
Therefore
Ve _ Fo
7 = F = QO

This means at the resonant frequency the voltageshe
inductor and the capacitor are QO times greater the total
voltage of the resonant circuit.

The typical run of the VL, VC voltages is showntfe figure
below.

125



200.00—
3 VL and VC
150.00-]
o 1
>
T
£ 100.00{
o
> ]
50.00—
0.00- T |
100 1k 10k

Frequency (Hz)
Let's demonstrate this via a concrete example.
Example 1
Find the frequency of resonance (f0) and the resogaality
factor (QO) in the series circuit below, if C=20QrE0.2H,

R=200 ohms, and R=5 ohms. Draw the phasor diagrahthe
frequency response of the voltages.
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voltage and admittance changes sharply around ebenant
frequency. In this case we say the circuit has gadectivity.

Selectivity can be measured by the quality factor Q
B, wC
O=—L-2Z-gCR
z & "
When the angular frequency equals the angular éecy of
resonance, we get the resonant quality factor

By w9, C B JE
Qp = =—g~ =9 CR=RyT

There is also a more general definition of the iguédctor:

o=2r

energy stored in capacitance _ VszC' — a0

the energy turned fo heat during one period ]

Another important property of the parallel resonaintuit is
its bandwidth. The bandwidth is the difference tmw the
two cutoff frequencies, where the impedance dropmfits

L o9 (~3dB) of ..
maximum value tUJE the maximum.

It can be shown that th&f bandwidth is determined by the
following simple formula:

poh
0
This formula is also applicable for series resomanmguits.

Let us demonstrate the theory through some examples

Example 2
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linear impedance axis is shown below. Note thatve with
this axis, the impedance appears to be changing ma@e
rapidly near resonance.

1.00M—

750,00k

500,00k

Impedance (shms;

250,00k

0 — T ————
100 Tk 10k
Frequency (Hz)

The susceptances of the inductance and capacitaaocequal
but of opposite sign at resonance: BL = BC, 1/wOL =
wOC, hence the angular frequency of the paralidmence:

1
Lo
determined again by the Thomson formula.

iy =

Solving for the resonant frequency in Hz:

1 1
# Drr \{;
At this frequency the admittance Y = 1/R = G andatisits
minimum (i.e., the impedance is maximum). The ause
through the inductance and capacitance can be rhigtter

then the current of the total circuit. If R is tékaly large, the
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R Ve
+ +
Bk £ 2000
||
11
- . +
s Vitat L 200m WL

Fo= T 795 BH:
x

For R=200 ohms

This is a quite low value for practical resonamtwits, which

normally have quality factors over 100. We haveduadow

value to more easily demonstrate the operation quinasor
diagram.

The current at the resonance frequency I=Vs/R=5m>

The voltages at current of 5mA: VR = Vs =1 V

meanwhile: VL = VC = I*wOL = 5*10-3000*0.2

=5V

The ratio between VL, VC,and Vs is equal to the ligpua
factor!

Now let's see the phasor diagram by calling it fridva AC
Analysis menu of TINA.

127



We used the Auto Label tool of the diagram window t
annotate the picture.
8.00

6.00
4.004
2.004

0.004

Irmaginary part

-2.004

400

-6.00]

-8
T T 1
-10.00 500 0.00 500 10.00
Real part

The phasor diagram nicely shows how the voltageshef
capacitor and inductor cancel each other at thensxe
frequency.

Now let's see VLand VCversus frequency.
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see below the loss resistance of the inductor cen b
transformed into this resistor.

The total admittance:
T= l+jmc+—l =R+ e~ l)
R el ail,

The admittances (called susceptances) of the dapaand

inductor are imaginary and have opposite sign. Ae t
frequency wOC= 1/wOLthe total imaginary part is@eso the

total admittance is 1/R-its minimum value and tloalt

impedance has its maximum value. This frequencyalied

the parallel resonant frequency.

The total impedance characteristic of the pureljgdr@sonant
circuit is shown in the figure below:
1.00M-

100,004

1000k

Impedance (ohms)

1.00k

100. T !
Tk 10k
Frequency (Hz)

3
8

Note that the impedance changes very rapidly arotned
resonance frequency, even though we used a logacith
impedance axis for better resolution. The sameecwith a
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+

Zh1 L200m

Impedance (ohms)

1.00 R e SR ——
100 Tk 10k
Frequency (Hz)

PARALLEL RESONANCE

The pure parallel resonant circuit is shown inftgere below.

If we neglect the loss resistance of the indud®represents
the leakage resistance of the capacitor. Howeeme will
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VLand VC

0.007 7 |
100 Tk 10k
Frequency (Hz)
200.00—
100.00]

Phase [deg]
o
o
S
|

T 1
100 1k 10k
Frequency (Hz)
Note that VL starts from zero voltage (becauseestance is
zero at zero frequency) while VC starts from 1 ¥ddwuse its
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reactance is infinite at zero frequency). Similavlly tends to
1V and VCto 0V at high frequencies.

Now for R=5 ohms the quality factor is much greater

This is a relatively high quality factor, close tiee practical
achievable values.

The current at the resonance frequency I=Vs/R=0.2A
meanwhile: VL =VC = I*wOL = 0.2*5080.2 = 200
Again the ratio between the voltages equals thétydactor!
Now let's draw just VL and VC voltages versus fremgy. On

the phasor diagram, VR would be too small compawed
VLand VC

200.00—
3 VL and VC
150.00-]
o 1
>
3
€ 100.00-]
o
> ]
50.00—
0.00- T |
100 1k 10k
Frequency (Hz)
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As we can see, the curve is very sharp and we detedplot
10,000 points to get the maximum value accuratgbing a
narrower bandwidth on the linear scale on the feaqy axis,
we get the more detailed curve below.

200.00—
150.00-]
VL and VC

o ]
>
3

2 100.00
3

> ]

50.00-4

0.00 7 T ; i i
500 600 700 800 900 1%

Frequency (Hz)

Finally let's see the impedance characteristihefdircuit: for
different quality factors.

The figure below was created using TINA by replgcthe

voltage generator by an impedance meter. Also,ugeta

parameter stepping list for R = 5, 200, and 100@®hTlo set
up parameter stepping, select Control Object frioenAnalysis
menu, move the cursor (which has changed into stoes
symbol) to the resistor on the schematic, and dlith the left

mouse button. To set a logarithmic scale on theetiepce
axis, we have double-clicked on the vertical axid aet Scale
to Logarithmic and the limits to 1 and 10k.
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